CONFORMALLY LORENTZ PARABOLIC STRUCTURE 
AND FEFFERMAN LORENTZ METRICS 



YOSHINOBU KAMISHIMA 

Abstract. We study conformal Fcffcrman-Lorentz manifolds of 
(2?? + 2)-dimension. In order to do so, we introduce Lorentz para- 
bolic structure on (to + 2)-dimcnsional manifolds as a G-structurc. 
By using causal conformal vector fields preserving that structure, 
we shall establish two theorems on compact Fcffcrman-Lorentz 
manifolds: One is the coincidence of vanishing curvature between 
Weyl conformal curvature tensor of Fefferman metrics on a Lorentz 
manifold S 1 x N and Chern-Moser curvature tensor on a strictly 
pseudoconvex Gi?-manifold N. Another is the analogue of the 
conformal rigidity theorem of Obata and Ferrand to the compact 
Fcffcrman-Lorentz manifolds admitting noncompact closed causal 
conformal transformations. 



1. Introduction 

A pseudo-Riemannian metric g of signature (m + 1, 1) is called a 
Lorentz metric on an m + 2-dimensional smooth manifold. An m + 2- 
dimensional Lorentz manifold M is a smooth manifold equipped with a 
Lorentz metric. Two Lorentz metrics g, g' are conformal if there exists 
a positive function u on M such that g' = u ■ g. The equivalence class 
[g] of g is a conformal class and (M, [g]) is called a conformal Lorentz 
manifold. On the other hand, given a (2n+l)-dimensional strictly pseu- 
doconvex C-R-manifold N, C. Fefferman constructed a Lorentz metric 
on the product S 1 x N which has the following properties (cf. [21]): 

• The conformal class of this metric is a C-R-invariant. 

• S 1 acts as lightlike isometries. 

It is interesting to know how the Fefferman-Lorentz metric of S 1 x N in- 
teracts on the C-R-structure of N. Compare [21] and general references 
therein for the relation between Fefferman metrics and the Cartan con- 
nection. 
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In this paper, we shall take a different approach to the Fefferman- 
Lorentz metrics on (2n + 2)-dimensional manifolds by introducing a 
Gc-structure called Fefferman-Lorentz parabolic structure. (Compare 
Section [37X1 ) 

Recall that conformal Lorentz structure on an m + 2-dimensional 
manifold M is an 0(m+l, 1) xIR + -structure [IB]. An integrable 0(m+ 
1, 1) x R + -structure is conformally flat Lorentz structure on M. (See 
also [HI p. 10].) We focus on parabolic subgroup of 0(m + 1, 1) which is 
defined as follows. Let PO(m + 1,1) be the real hyperbolic group, then 
the minimal parabolic subgroup is isomorphic to either 0(m + l) or the 
similarity subgroup Sim(R m ), which lifts to the parabolic subgroup of 
0(m + 1, 1) as 0(m + 1) x Z 2 or Sim(IR m ) x Z 2 respectively. 

For m = 2n, we define a subgroup Gq of Sim(R 2 ™) x R + < 0(2n + 
1,1) x R + . If U(n + 1,1) denotes the unitary Lorentz group which 
embeds into 0(2n + 2, 2), then Gc is characterized as the intersection 
U(n + 1, 1) n (Sim(R 2n ) x R+) where Sim(R 2n ) is identified with the 
stabilizer PO(2n + 1, 1)^ at the point at infinity. 

Then we see that a Fefferman-Lorentz manifold admits a Fefferman- 
Lorentz parabolic structure by reinterpreting the proof of [2T1 (5.17) 
Theorem] . 

One of our results concerns the relation between a CR-manifold N 
and a Fefferman-Lorentz manifold S 1 x N. We provide a geometric 
proof to the coincidence of vanishing between Weyl conformal curva- 
ture tensor and Chern-Moser curvature tensor. This result may be 
obtained as a special case of more general calculations by Fefferman 

i- 

Theorem A (Theorem 17.4.21) . A Fefferman-Lorentz manifold S 1 x N 
is conformally flat if and only if N is a spherical CR-manifold. 

By our definition, we obtain the following classes of conformally flat 
Lorentz parabolic manifolds. We shall give compact examples in each 
class. (See Section l5\3l ) 

• Lorentz flat space forms. 

• Fefferman-Lorentz parabolic manifolds (locally modelled on 

(UCn + l.l),^ 1 ' 1 )). 

• Fefferman-Lorentz manifolds S 1 x N where N is a spherical 
Ci?-manifold. 

In the second part, we study the Vague Conjecture [7] that the 
existence of a global geometric flow determines a compact geomet- 
ric manifold uniquely, i.e. isomorphic to the standard model with flat 
G-structure. The celebrated theorem of Obata and Ferrand provides a 
supporting example for this, i.e. if a closed group R acts conformally on 
a compact Riemannian manifold, then it is conformal to the standard 
sphere S n . 
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We study the analogue of the theorem of Obata and Ferrand to 
compact Lorentz manifolds. In general, it is not true only by the ex- 
istence of a noncompact conformal closed subgroup R. It is a problem 
which conformal group gives rise to an affirmative answer to the com- 
pact Lorentz case, i.e. a compact Lorentz manifold is conformal to the 
Lorentz model S"" -1 ' 1 . C. Frances and K. Melnick gave a sufficient 
condition on the nilpotent dimension of a nilpotent Lie group acting 
conformally on a compact Lorentz manifold. (Compare [TT] more gen- 
erally for pseudo-Riemannian manifolds.) 

We prove affirmatively the theorem of Obata and Ferrand to the 
compact Fefferman-Lorentz manifolds under the existence of two di- 
mensional causal abelian Lie groups. Let M = S l x N be a compact 
Fefferman-Lorentz manifold on which S 1 acts as Lorentz lightlike isome- 
tries. Denote by Cconf(M,s)('S' 1 ) the centralizer of S 1 in Conf(M, g). 

Theorem B (Theorem 18.1.11) . Suppose that Cc ni(M, g ){.S l ) contains a 
closed noncompact subgroup of dimension 1 at least. Then M is con- 
formally equivalent to the two-fold cover S l x S 2n+1 of the standard 
Lorentz manifold S 2n+1,1 . 

Dimension 2 for the dimension of Cc nf(M, 9 )('S' 1 ) is rather small rela- 
tive to the nilpotent dimension in [TT]. However the fact that S 1 of M is 
the group of lightlike isometries with respect to our Fefferman-Lorentz 
metric is more geometric. In fact, let AL be a Lorentz hyperbolic 3- 
manifold PSL(2,R)/T. Then M = S 1 x AL admits a conformally flat 
Lorentz metric on which S 1 acts as spacelike isometries. (See Remark 
18.1.11) . The metric is not a Fefferman-Lorentz metric but there exists a 
two dimensional noncompact abelian Lie group S 1 x R acting isometri- 
cally on M. On the other hand, if we note that AL admits a spherical 
C-R-structure, then M does admit a Fefferman-Lorentz metric whose 
conformal Lorentz group is compact (Lorentz isometry group). In addi- 
tion, the above group S l x R is not a conformal group of the underlying 
Fefferman-Lorentz metric. 
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2. Preliminaries 

2.1. Cayley-Klein model. We start with the Cayley-Klein projec- 
tive model for K = l,Cor 1 (Compare P , [3] , [E] , p] , [26] , [HI] for 
instance.) There is an equivariant principal bundle: 

K*^(GL(n + 2, K) • K* , K™ +2 - {0}) -A (PGL(rt + 2, K), KP n+1 ). 

Fix nonnegative integers p, q such that n = p + q. The nondegenerate 
Hermitian form on K n+2 is defined by 

(2.1.1) B(x, y) = xiDi H h Xp+iVp+i - x p+2 y p+ 2 x n+2 y n +2 

Denote by 0(p + 1, q + 1; K) the subgroup of GL(n + 2, K): 

{A g GL(n + 2, X) | B(Ax, Ay) = B(x, y),x,y G K n+2 }. 
The group 0(p + 1, q+ 1; K) leaves invariant the K-cone in K n+2 — {0}: 

(2.1.2) V = {x G K n+2 - {0} | B(x, x) = 0}. 
Put 

( S p ' q w S q x S p /Z 2 

(2.1.3) P(V ) = I S 2p+1 ^ w ,S 29+1 x ^-t- 1 /^ 1 

Let PO(p+l, q+1] K) denote the image of 0(p+l, q+1] K) in PGL(ra + 
2, K). According to K = 1, C or H, we have the nondegenerate flat 



5 

geometry of signature (p,q). 

(PO(p + 1, q + 1), S p ' g ) Conformally flat geometry 

(PU(p + l,q + l),S 2p+1 ' 2 i) Spherical CR geometry 
(PSp(p +l,q + 1), 5 4p+3 ' 49 ) Flat pseudo-conformal qCR geometry 

(Compare [T3].) In particular, when p = n, q = 0, i.e. positive definite 
case, we have the usual horospherical geometry, i.e. the geometry on the 
boundary of the real, complex or quaternionic hyperbolic spaces. When 
p = n — l,q = 1, (PO(n, 2), S 1 ™ -1 ' 1 ) is said to be the n- dimensional 
conformally flat Lorentz geometry. 

2.2. Causality. Let £ be a vector field on a Lorentz manifold (M,g). 
We recall causality of vector fields (cf. |26j). 

Definition 2.2.1 (Causal vector fields). Let x 6 M. 

{£ is spacelike g{£ x ,£x) > whenever £ x ^ 0. 
£ is lightlike g(£ x ,fix) = whenever £ x ^ 0. 
£ is timelike g{i x ,i x ) < whenever £ x ^ 0. 

Each vector £ x is called a causal vector. Suppose that £ is a vector 
field defined on a domain Q of M. If £ x ^ and ^ is a causal vector 
at each point then £ is said to be a causal vector field on Q. 

3. Conformally Lorentz parabolic geometry 

3.1. Conformally Lorentz parabolic structure. Let {e±, . . . ,e m } 
be the standard orthonormal basis of IR m+2 with respect to the Lorentz 
inner produ ct £>; B(ei,ej) = Sij (1 < i,j < m + 1), £>(e m+2 , e m+2 ) = — 1. 
(See fl2XTj) for K = R.) Set 

£\ — ei + e m+ 2/ v^2, = ei — e m+ 2/ v2. 

Putting B = ( , ) on R m+2 , F = e 2 , . . . , e m+ i, £ m+2 } is a new basis 
such that (£i,£i) = (lm+2,£m+2) = 0, (£i,£ m+ 2) = 1. The symmetric 
matrix with respect to this basis F is described as 
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0---0 


1 \ 














(3.1.1) 







Im 









V 1 


0---0 


0/ 



Note that 



0(m + 1, 1) = {A e GL(m + 2, R) | A t^A = 
The similarity subgroup is described in 0(m + 1, 1) as follows: 
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(3.1.2) Sim( 



A x 
B 

L V o 



\x\ 
P^g 

i A 

A 



A g : 

x G 



5 G 0(m) 



> . 



/ 



We introduce the following subgroup in GL(m + 2, 



For the Lorentz inner 



(3.1.3) G R = Sim(M m ) x I 

Let P = yju ■ Q £ G R (Q e Sim(M m ), ^ G 
product: 

(x, y) = x C+iV, 
(x = (xi, . . . , x m+2 ),y = (yi, • • • , y m+2 ) G R m+2 ) as above, 

(xP, yP) = u- xQ = u • x l^ +1 *y = u ■ (x, y), 

i.e. a GjR-structure defines a conformal class of Lorentz metrics on an 
(m + 2)-manifold. 
Let Gc < GL(2n + 2, K) be a subgroup defined by 

17 _ \x\ 2 \ 



(3.1.4) G c 



2 

1 



If P is an element of Gc as above, then 

P = v^-Q, 
/ 

(3.1.5) 



u G G C n ,B G U(n) 



p 



2v^ 



P'x 



V 



4= 
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It is easy to see that Q is an element of Sim(IR 2n ) < 0(2n + 1, 1). So 
Gc is a subgroup of Gr for m = 2n. A homomorphism P i— >■ Q gives 
rise to an isomorphism of Gc onto Sim(C n ) = C n x (U(n) xi 1R + ) of 
Sim(R 2n ). 

Definition 3.1.1. 

• A G R -structure on an (m + 2) -manifold is called conformally 
Lorentz parabolic structure. An (m + 2) -manifold is said to 
be a conformally Lorentz parabolic manifold if it admits a Gr- 
structure. 
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• A Gc-structure on a (2n + 2) -manifold is Fefferman-Lorentz 
parabolic structure. In other words, the Fefferman-Lorentz par- 
abolic structure is a reduction of Gr to Gc- A Fefferman- 
Lorentz parabolic manifold is a (2n + 2) -dimensional manifold 
equipped with a Fefferman-Lorentz parabolic structure. 

Definition 3.1.2. Let M be a Fefferman-Lorentz parabolic manifold. 
Then ConfpLp(-^) is the group of conformal transformations preserving 
the Fefferman-Lorentz parabolic structure. 

3.2. Lorentz similarity geometry (£sim(M m+2 ), M m+2 ). Let R m+2 
be the (m + 2)-dimensional euclidean space equipped with a Lorentz 
inner product (cf. Section 13. ip . Form the Lorentz similarity subgroup 
£sim(R m+2 ) = R m+2 x (0(m + 1,1) x R+) from the affine group 
Aff(M m+2 ) = R m+2 x GL(m + 2, M). If an (m + 2)-manifold M is locally 
modelled on M m+2 with coordinate changes lying in £sim(M m+2 ), then 
M is said to be a Lorentz similarity manifold. 

Proposition 3.2.1. Let M be an (m + 2) -dimensional compact Lorentz 
similarity manifold with virtually solvable fundamental group. Then M 
is either a Lorentz flat parabolic manifold or finitely covered by a Hopf 
manifold S m+1 x S 1 , or an m + 2 -torus T m+2 . 

Proof. Given a compact Lorentz similarity manifold M, there exists a 
developing pair (p, dev) : (tt^M), M)^(£sim(M m+2 ), R m+2 ). Suppose 
that 7Ti(M) is virtually solvable. Let L : £sim(IR m+2 )^0(m,+ l, l)xl + 
be the linear holonomy homomorphism. Then a subgroup of finite 
index in L(p(wi(M)) is solvable in 0(m + 1, 1) x R + so it belongs to a 
maximal amenable subgroup which is either isomorphic to (0(m + 1) x 
0(1)) x R+ or to (Sim(M m ) x Z 2 ) x R + up to conjugate. By Definition 
13.1.11 the latter case implies that M (or two fold-cover) is a Lorentz 
flat parabolic manifold. If a subgroup of finite index in L(p(ni(M)) 
lies in (0(m + l) x 0(1)) x M + , then M is a similarity manifold where 
0(m + 1) x 0(1) < 0(m + 2). It follows from the result by Fried 
that M is covered finitely by an m + 2-torus T m+2 or a Hopf manifold 
S m+1 x S 1 . 

□ 

The Lorentz similarity geometry contains Lorentz flat geometry 
(E(m + 1, l),M m+2 ) where E(m + 1, 1) = R m+2 x 0(m + l, 1). If M is an 
m + 2-dimensional compact Lorentz flat manifold, then it is known that 
M is geodesically complete and the fundamental group of a compact 
complete Lorentz flat manifold is virtually solvable. Applying the above 
proposition, we have 

Corollary 3.2.1. Any m + 2-dimensional compact Lorentz flat mani- 
fold is finitely covered by an m + 2-torus or an infrasolvmanifold. 
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Proof. The holonomy homomorphism p : ttx(M)— >M. m+2 x 0(m + 1,1) 
reduces to a homomorphism: p : tti(M)— ^M m+2 xi Sim(M m ) x Z 2 . Put 
r = p{jii(M)) which is a virtually solvable discrete subgroup. As 
Sim(M m ) = M. m xi (O(m) x M + ), a subgroup T' of finite index in T is 
conjugate to a discrete subgroup of a solvable Lie group G = R m+2 x 
(R m x (T m x M+)). Let M' = p _1 (r)\M be a finite covering of M. As 
dev : M^M m+2 is a diffeomorphism, it follows that M' ^ r'\M m+2 = 
Y'\G/H where = ]R m x (T m x R+). 

□ 

3.3. Fefferman-Lorentz manifold. In [8] Fefferman has shown that 
when A is a (2n + l)-dimensional strictly pseudoconvex C-R-manifold, 
S 1 x A admits a Lorentz metric g on which S 1 acts as lightlike isome- 
tries. We recall the construction of the metric from [21]. Let (Kerw, J) 
be a CR-structure on A with characteristic (Reeb) vector field £ for 
some contact form u. The circle S 1 generates the vector field S on 
S 1 x A (extending trivially on A). Note that 

(3.3.1) T(S l x A) = (S) © (0 © Kerw. 

Let (Kerw) © C = {Yi, . . . , Y„} © {Yi, . . . , Y n } be the canonical de- 
composition for J for which we choose such as dujiY^Yj) = —iSij. As 

usual, letting X, = Yi + Y^/v2, X n+i = i(Y$ — i^)/v2, it implies that 
(Ker a;) = {Xi, . . . , A 2n } such that JXj = X„ +i and 

(3.3.2) du(JX u Xj) = Stj (i = l,...,n). 

This gives a (real) frame {S, £, X±, . . . , X 2n } at a neighborhood of S 1 x 
A. Let 6 i be the dual frame to X (i = 1, . . . , 2n). From (l3A2j) . note 
that 

2n 

(3.3.3) dw( J-, -) = 01 ■ 01 on Ker UJ - 

i=i 

Let <it be a 1-form on S* 1 x A such that 

(3.3.4) dt{S) = l, dt(V) = (WeTA). 

Put r] = co 1 A ■ ■ • A u n where u a = 9 a + i#™ +Q . By Proposition (3.4) of 



2T] there exists a unique real 1-form a on S 1 x N satisfying that 

d(w A r/) = i(n + 2)<r A u A 77, 
(3.3.5) , m ., ., 

a A drj At] = Ti{da)\a A U) A 77 A r). 

The explicit form of a is obtained from (2TJ (5.1) Theorem] that 
(3-3.6) a = ^U + iP . < -- ( 2- Tf . P ^ 



Here P : S 1 x iV — > N is the canonical projection and oj£ is a connection 
form of uj such that 

du = \5 a pU) a A u/, 
du a = u p A uj% + u A . 
The function p is the Webster scalar curvature on N. (Since we chose 

h a p — da/3, note that — -h a ^dh a p = in the equation (5.3) of [2H (5.1) 
Theorem].) It follows that 

(3.3.7) a(S) 



n + 2 

Define a symmetric 2-form 

aQoj = a- oj J rUJ-a. 

Extending 9 l (S) = and u>(S) = 0, we have a Fefferman - Lorentz 
metric on S 1 x N by 

g(X, Y) = a{X) ■ u(Y) + u(X) ■ a(Y) + dco(JX h 1 Y h ) 

(3 3 8) 2n 

= a cjpsT, F) + J2 0i ■ 0i ( X , Y )- 

8=1 

Here X h stands for the horizontal part of X, i.e.X h G Kercu. By 
(I3.3.7P we have that 

(3-3.9) 0(£ j5 ) = _l 

n + 2 

Since g(iS, <S) = 0, g becomes a Lorentz metric on S* 1 x N. In particular 
S* 1 acts as lightlike isometries of g. 

The following result has been achieved by Lee [21]. We shall give an 
elementary proof of invariance from the viewpoint of G-structure. 

Theorem 3.3.1. A strictly pseudoconvex CR-structure on N gives a 
conformal class of Lorentz metrics on S 1 x N . Indeed S 1 x N admits 
a Fefferman- Lorentz parabolic structure (G c- structure) . 

Proof Suppose that (Keru/, J) represents the same Ci?-structure on 
N. Then it follows that u' = u ■ u for some positive function u on 
N . Let {S', X[, . . . , X' 2n \ be another frame on the neighborhood of 
S 1 x N for u'. Since S' generates the same S 1 , note that 

(3.3.10) S = S'. 

There exist x ; 6 1 (j = 1, . . . , 2n) for which the characteristic vector 
field £' is described as 

(3.3.11) f = u ■ f + Xl ^X[ + ■■■ + x 2n ^X' 2n . 
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As u ■ du = du' and du(J—, J—) = du(—, — ) on Kera>, there exists a 
B = (bi j ) G U(n) such that 

(3.3.12) JQ = v^XX X *- 

k 

Two frames {S, £, Xi, . . . , X 2n }, {S', X[, . . . , X' 2n } are uniquely de- 
termined each other by the equations (13.3. 10p . (13.3. lip . (13.3. 12p . 
It suffices to prove that another Lorentz metric g' is conformal to g: 

The equations (13.3. 10p . (13.3. lip . ( 13.3. 12ft determine the relation be- 
tween the dual frames {u, 9 1 , . . . , 9 2n , a}, {a/, 9' , . . . , 9' 2n , a'}. 

ui' — u ■ ou, 

( 3 - 3 - 13 ) 9 H = yftiJ2 b j i0j + VuXi ■ W, 

3 

Moreover, by the uniqueness property of a from (I3.3.5p . a' is trans- 
formed into the following form (cf. [2Tj (5.16) Proposition]): 

(3.3.14) o' = a - b /^ ei ~ 
Using (I3.1.5p . the above equations show that 

/ _\xl\ 
(u',9'\...,9 ,2n ,a') = (cj,9 1 ,...,9 2n ,a) U yt 2 

(3.3.15) ^0 1 

= (cj,9\...,9 2n ,a)^H-Q. 

As B G U(n) and x G C n because the basis {Xi, . . . ,X2 n } invari- 
ant under J, note that y/u ■ Q G G<£ (i.e. Q G Simc(n)). Hence the 
Ci?-structure defines a Fefferman-Lorentz parabolic structure on M 
(cf. Definition I3TTTT]) . Moreover, a calculation shows 

g > = a ' J + du'(J-, -) = a' ■ u' + u' ■ a' + £V* ' ^ 

(3.3.16) = (v^) 2 (o;, 0\ . . . , 8 2 \ a) Q^Q^u, 9\... : 8 2 \ a) 
= u-{u,9\...,9 2n ,a) \\ n+l \u,9\...,9 2n ,a) 

= u(a u + ^9 i ■ 9 l ) = u ■ g, 



-u. 
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Hence the CR-structure determines a conformal class of Fefferman- 
Lorentz metric g. 

□ 

4. CONFORMALLY FLAT FEFFERMAN-LORENTZ MANIFOLD 
4.1. Confomally flat Fefferman-Lorentz model. Let 

V = {x= ( Xl , x 2n+4 ) e M 2n+4 - {0} I B(x, x) = 0} 

be as in (I2.1.2P for K = R. In this case, when the Hermitian bilinear 
form is defined by 

(4.1.1) (z, w) = ziwi H h z n+1 w n+1 - z n + 2 w n + 2 on C n+2 , 

Vq is identified with 

= ( Zl , . . . , z n+2 ) e C" +2 - {0} | (z, z) = 0}. 

Let U(n + 1, 1) be the unitary Lorentz group with the center S 1 . Obvi- 
ously the two-fold cover of 5 ,2n+1,1 is contained in Vq, i.e. S 1 x 5' 2n+1 c Vq 
but not invariant under U(n + 1,1). Consider the commutative dia- 
gram. 

(Z 2 ,R*) = (Z 2 ,R*) 



{S\C*) > C ,l+2 -{0} Pc > CP" +1 

II U U 

(4.1.2) (S\C*) ► S 1 x 5 2 " +1 c V Q — ^ S 2 " +1 = P c (Vb) 

SVZa = S 1 ► S 2 ^ 1 ' 1 = P R (V ) — S 2 " +1 = J P(5 2 "+ 1 ' 1 ) 

ii n n 

5.1 ^ RP 2 "+3 — > CP" +1 . 

Put 

U(n + l,l) = U(n+l,l)/Z 2 

where Z 2 is a cyclic group of order two in S 1 . The natural embedding 
U(n + 1, 1)— »0(2rj + 2, 2) induces an embedding of Lie groups: 

U(n+ l,l)-»PO(2n + 2,2). 

Let 

n+l n+1 ^ ^ 

(4.1.3) w = -i *3 dz 3 > £ = Sfo^ ~ 
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be the standard contact form on S 2n+l with the characteristic vector 

n+l 

field f. Note that w (0 = |^| 2 = 1 on 5 2n+1 . As in Section EES w 

5=1 

is the connection form on the principal bundle : S — $-S 2n+1 CP n . 
The spherical Ci?-structure (Ker c^o, </o) defines a Lorentz metric on 
S 1 x S 2n+1 : 

(4.1.4) <7°(X, F) = a Q P^ (X, F) + dcj ( J P C *X, P C ,Y) 
where o"o is obtained from ( 13. 3. 6ft (cf. (14.2.21) ). 

Proposition 4.1.1. The group U(n + 1, 1) acts conformally on S 1 x 
S 2n+1 with respect to g° . Especially, so does U(n+1, 1) on (S 2n+1,1 , g°) . 

Proof. Let U(n + 1,1) = (U(n + 1) X U(l)) ■ (A/" x R+) be the Iwasawa 
decomposition in which there is the equivariant projection: 

(4-1-5) (U(n + l,l),Vb) (PU(n + l,l),S 2n+1 ). 

If tg = e ld G ZU(n + 1,1) which is the center S 1 of U(n + 1,1), then by 
the form (13.3.61) it follows that 

(4.1.6) t* e dt = dt, tgO"o — °o- 

Let U(n + 1) be the maximal compact subgroup of PU(n + 1, 1). If 
7 = P(7) e U(n + 1), then 7*w = from (14XB1 . Then 7*3° = g°, 
i.e. 7 acts as an isometry of S 1 x 5' 2n+1 . 

Suppose that j = P(j) G A/" x IR + where A" is the Heisenberg Lie 
group such that Af U {00} = S 2n+1 . Recall from Section 2 of [Hj that 
if (t, (zi, ■ ■ ■ , z n )) is the coordinate of Af = M x C n , then the contact 
form on A/" is described as: 

n 

(4.1.7) co^f = dt + ^^(xjcfa/j — Djdxj) = dt + Im(z, dz). 

5=1 

(Here (z,w) = ^^ZiWi and Imx is the imaginary part of x.) An 

i=\ 

element g = ((a, z),X- A) G Af x (U(ra) x IR + ) acts on (t, u;) G Af as 

(4.1.8) # • (t, w) = (a + A 2 • t - lm(z, A ■ A ■ w), z + A • A ■ w). 

In particular, when 7 = (a, z) G A", then j*u)j\f = waA, while M + = (70) 
satisfies that 70 (£, z) = (e 29 ■ t,e e ■ z) on A/" so 

70*^ = d(e 2e • t) + Im(e e • z, d(e e ■ z)) = e 2e ■ u N . 
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As (cjo, J) and (cjn, J) define the same spherical CR-structure on 
Af, there exists a smooth function u on Af such that uj^f = u ■ ujq. Let 

9N = ®N © P*^N + du/j( JqP*-, -P*— ) 

be the Lorentz metric on S 1 x Af where P : S 1 xAf— >Af is the projection. 
Then it follows from Theorem 13.3.11 that 

(4.1.9) 9N = u-g°. 

As above, it is easy to check that if P(j) =76 Af, then j*gtf = 
g^ and if P(7e) = le G K + , then 7^at = e 2e ■ g^. (Note that the 
equation ^0*00^ = e 26 ■ implies that 7/dw/v = e 29 ■ duj^ because 
e 2e is constant.) As a consequence, if 7 = P(7) G Af x M + , then there 
exists a positive constant r such that 7*5^ = t • gu- Letting a positive 
function v = 7*u _1 ■ r ■ u on Af, it is easy to see that 

7*3° = u . g ° on S 1 x Af. 

Since this is true on a neighborhood at any point in S 1 x 5' 2ri+1 , 7 
acts conformally on S 1 x S 2n+1 with respect to g°. For either 7 G 
U(n + 1) x U(l) or 7 G A/" x M + , the above observation shows that every 
element of U(n +1,1) acts as conformal transformation on S 1 x S 2n+1 
with respect to the Lorentz metric g°. 

□ 

Note from (14.1.91) that g?j = u ■ g°. The Weyl conformal curvature 
tensor satisfies that W(g°) = W(gj^f) on S* 1 x Af. In order to prove 
that the Fefferman-Lorentz metric g° is a conformally flat metric, we 
calculate the Weyl conformal curvature tensor of g^ on S* 1 x Af directly. 

In view of the contact form ujy on Af (cf. (14. 1.7ft ). duj^(Jo—, — ) is 

n 

the euclidean metric gc = \dzj\ 2 on C n . As cj/v is the connection 

form of the principal bundle: 1Z — > Af — > C n , it follows from (13. 3. 6ft 
that 

Since { < C n ,gc) is flat, it follows that ip* = 0, p = ir*s = 0, which shows 

(4.1.10) a M = ~^—:dt. 

n + A 

The metric g_\f reduces to the following: 

gu = —^dt p*u N + P*gc- 

n + 2 

It is easy to check that the following are equivalent: 
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(i) X e C x where € = (S, f ) induced by S 1 x 11. 

(ii) g M (X,S) = and gx(X,£) = 0. 

(iii) X e P* Ker wjy, dt(X) = 0. 

As a consequence, C 1 - = Ker w^. Putting C = S 1 x TZ, there is a 
pseudo-Riemannian submersion: 

(4.1.11) C ► (S 1 x Af, gjy) -JL^ (C\sc). 

The Riemannian curvature tensor i? on the flat space C n is zero, 

£ C (£(7r*X,7r*y)7r*Z,7r*W0 = 0. 

If X, Y e P* Ker u;^, then [X, Y] v e (£) where £ is the characteristic 
vector field for ujj^. (Here X v stands for the fiber component of the 
vector X.) Since dt(£) = (n + 2)ojv(0 = from fl4.1.10n . 

9tf(£,€) = 0, i- e - £ is lightlike. 

We apply the O'Neill's formula (cf. [51 (3.30)] for example) to the 
pseudo-Riemannian submersion of (14.1.111) : 

g M {R{X,Y)Z, W) = gc(R(Tr*X,ir*Y)Tr*Z,Tr*W) 

(4.1.12) + \g*r{[x> Z] v , [Y, W] v ) - ^([Y, Z\\ [X, W] v ) 

This shows that 
Lemma 4.1.1. 

Rxyzw = g*(R(X, Y)Z, W) = (VX, Y, Z, W e P* Ker m ). 
Lemma 4.1.2. 

RtABc = (VA,B,C eT(S l xAf)). 

Proof. Put u = u>j\f, g = gu an d Ker uj = P* Ker ojj^. Let V be a 
covariant derivative for g on S 1 x A/"; 

2g(V x Y, Z) = Xg(Y, Z) + Yg(X, Z) - Zg(X, Y) 

+ g( [X, Y] , Z) + g ( [Z, X] , Y) + g ( [Z, Y] , X) . 
As Ker a; is C-invariant, we note the following. 

(4.1.13) [X,£] = [X,S] = (VI e Kerw). 

Put a = aj\f = dt. By (iii), 

n + 2 

(4.1.14) <r([X,F]) = (VX,F G Kerw). 

We may choose A, Y, Z to be orthonormal vector fields in Ker u. Then 
2g{y x i,Z) = g([Z,X],0 = a([Z,X}) = (VX,Z e Kerw). 
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Similarly from ( 14.1. 13ft . 

2g(V x ^S) = Xg&S) = X{-^—) = 0, 

n + 2 

This implies that 

(4.1.15) V x £ = 0. 
It follows similarly that 

(4.1.16) 2g(V s ^Z) = 0, 2g(V s ^S) = 0, 2g(V s Z,£) = 0. 
This shows that 

(4.1.17) V 5 £ = 0. 

It is easy to see that Vs<S = = 0, i.e. the orbits of S 1 and M. are 
geodesies. From these, we obtain that 

(4.1.18) V^A = (yA G T^S 1 x A/")). 
This implies that R^abc = (V A, B, C E T^S 1 x TV)). 

□ 

We set formally 

(4.1.19) JS = 0, J£ = 

so that J is defined on T(S' 1 x A/") = {5, £} © Ker w. 
Lemma 4.1.3. 

V S A = l —JA. (\/ Ae T(S 1 x AO). 

n + 2 v v " 

Proof. For the vector field S, we see that 

(4.1.20) 2g(V x S, = 0, 2s(VxS, 5) = 0. 

As we assumed that g(X, Z) = and g(X, X) = g(Z, Z) = 1, calculate 

2g(VxS, Z) = cu([Z, X}) ■ a(S) = — |— • u([Z, X]) 

<kj(Z,X) = 2 —-g c {Z, JX) 



n + 2 v ' ' n + 2 
g{JX,Z) 



n + 2 

Using ( 14.1.201) . we obtain that 

(4.1.21) V X S = l —:JX. 

n + 2 
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As [S,X] = 0, note that 

V 5 X = i-JX 

n + 2 

Since V 5 £ = VsS = from 04.1.171) . we have that V 5 A = —zJA 

n + 2 

(VAeTiS 1 xAO)- 

□ 

Lemma 4.1.4. TTie remaining curvature tensor Rabcd on S 1 x Af 
becomes as follows. 

(1) fesr = - 7 ^ • SaKX, F) (VX, YeP* Ker u^). 

(2) iWz = (V X,Y,Ze P* Ker c^r). 
Proof. Using Lemma [4.1. 3 [ 

R(X,S)S = V X V S (S) - V S V X (S) - V [S>X] S 

= -V 5 ( —JX) = - — —I 

6V n + 2 ' (n + 2) 2 

It follows that 

Rsxsy = —Rxssy 

= -g(R(X,S)S,Y) = -_L^(x,Y) 

(n + 2)^ 

As X, F are orthonormal and cr([X, F]) = by 04.1.141) . it follows that 

2s(VxFO = s([X,F],O = 0, 
so there exists a function a(X, F) such that 

V X Y = a(X,Y)^ mod Ker u. 

In particular it follows that 

(4.1.22) V X JY - JV X Y = a(X, JY)£ modKerw. 

Let V be a covariant derivative for the Kahler metric gc on C n as 
before. Recall from j5[ (3.23) p. 67] that 

(4.1.23) g(V x Y, Z) = g c (V*. x n*(Y), ir*Z) (VX, F, Z e Ker u). 



17 

If we note that the complex structure J is parallel with respect to gc, 
i.e. V J = JV, then 

g(V x JY, Z) = g c {V^xir*(JY), n*Z) 

= gciJV^xn^Y), n*Z) 

= -gc(V*.xn*(Y),n*JZ) 

= -g(V x Y,JZ)=g(JV x Y,Z). 

( 14.1.220 implies that 

(4.1.24) V X JY - JV X Y = a(X, JY)£. 

As [X, S] = 0, Lemma [4.1.31 shows that 

R(X,S)Y = VxV 5 F - W S \/ X Y 

= 1 —{V X JY-JV X Y) 

n + 2 

a(X, JY)£. 



n + 2 

By (1) of Lemma [4.1.41 it follows that 

g(R(X,S)Y,S) = -—±— a (X,JY) 

= RxsYS = -^^9(X,Y). 

Hence a(X, JY) = g(X, Y) so that we obtain 

(4.1.25) R(X, S)Y = ^9(X, Y)C 

n + 2 

It follows that 

Rsxyz = -Rxsyz = -g(R(X,S)Y, Z) = 0. 



□ 



Proposition 4.1.2. Let (S 1 x N^g^) be a Fefferman-Lorentz nilman- 
ifold of dimension 2n + 2. Then the following hold. 

(1) The scalar curvature function S = 0. 

(2) The Ricci tensor has the following form. 

(i) R YZ = (V7,Ze Kerou). 

(ii) %l = (VA G TiS 1 x AO), 
(hi) R SY = (Vy G Kerw). 

(iv) i? 55 = -2n/ (n + 2) 2 . 
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Proof. Note that g(£,£) = g(S,S) = 0. Then 

S = Rabcd9 ac g BD 
= RxYzwg xz g YW + R(BCDg^ c 'g BD + Rsbcd9 sc g BD 

where X,Y,Z,W G Keiu and B,C, D G T(,S 1 x TV). The first term 
is zero; Rxyzw = by Lemma 14.1.11 The second term R^bcd = by 
Lemma [4.1.21 According to whether g sc = or g s ^ = n + 2, the third 
term becomes RsbcdQ SC Q BD = RsB^Dg s ^g BD = because Rsb^d = 
by Lemma [4.1.21 again. Hence the scalar curvature S = 0. 
The Ricci tensor satisfies that 

Rsy = RasbyQ AB 

= Rxszy9 XZ + R$SBYg^ B + Rassy9 A ^ + Rassy9 AS ■ 

Then R X szy = -Rsxzy = by (2 ) of Lemma 14.1.41 R^by = 
0, Ras^y = R^yas = by Lemma ECl When g* s = n + 2, R^sy = 
as above. According to whether g AS = or g^ s = n + 2, the third term 
RassyQ AS = 0. So i? 5 y = 0, (iii) follows. Similarly (i), (ii) follow by 
calculations: 

Ryz = Raybz9 AB = R$YBzg^ B + Rsybz9 SB 

= Rsy^ = o. 
Ria = RBiCAg BC = o (VA g T(5 1 x AO). 

As we chose g(X,X) = 1, (1) of Lemma [4.1.41 implies that 
Rss = RASBsg AB 

= Rxsxsg xx + Rxsisg x ^ + R^sBsg^ B + RssBsg SB 

= 2n ■ Rxsxs = -2n • — — 77. 

(n + 2J^ 

This shows (iv). 

□ 

Let Wabcd be the Weyl conformal curvature tensor of g_\f on S* 1 x Af 
of dimension 2n + 2. Recall that 

Wabcd = Rabcd + tt~ {RBcgAD — RsogAc — RacQbd + Rad9bc) 
2n 

+ 2n(2n + l) {9bd9AC ~ 9bc9Ad) ' 

Proposition 4.1.3. The Fefferman-Lorentz manifold (S 1 x J\f,gj^) is 
a conformally flat Lorentz nilmanifold. 
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Proof. We shall prove that all the Weyl conformal curvature tensors 
vanish. By (1) of Proposition 14.1.21 this reduces to 

Wabcd = Rabcd + ^ {Rbc9ad — Rbd9ac — RacQbd + Rad9bc) ■ 

It follows from (i) of Proposition 14.1.21 and Lemma 14.1.11 

(4.1.26) W X yzw = (V X, Y,Z,We Ker oo) . 

It follows from (i), (ii), (iii) of Proposition 14.1.21 and Lemma [4.1.21 

Wsyzw = (VY,Z,W e Ker cu), 
W mw = 0, W m s = 0, W iYSW = 0. 

Similarly by (ii), (iii) of Proposition 14.1.21 
Let 

W^sts = 2~ {Rs^g^s - Rss9& - R^gss + R^sgs^) ■ 

Since R$s ^ but g^ = 0, it follows that 
(4.1.29) W&es = 0. 

As W^ssw = — (Rssg^w — Rswg^s — R^sgsw + R^wgss) but g^ w = 
0, it follows that 



(4.1.30) Wcssw = 0, W&st = 0. 

From fl4.1.27p . fl4.1.28j) . ( 14.1.290 . f l4.1.30p . the Weyl tensors contain- 
ing £ are zero. It follows similarly 



(4.1.31) 



Ws^zw 


= —W^szw 


= 0, 




= —Wtssw 


= o, 


Ws^sw 


= —W^ssw 


= 0, 


Ws^s 


= 0, Wstst 


= 0, 


WsYiw 


= W^WSY = 


: 0, 


WSY£S 


= W^SSY = 


0. 
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By (1) of Lemma [4.1.41 and (iv) of Proposition 14.1.21 we calculate 

WsYSW — RsYSW 

+ ^ (RysQsw — RywQss — RssQyw + RswQys) 

(4-1.32) I 

— j^sysw — -^-j^ss9yw 

— 1 1 / — In \ 

-g(Y : W)--( ^—^giY, W))=0. 



(n + 2) 2 ^ v ' ' In \(n + 2) 2 

So all the terms containing S are zero. We thus conclude that the Weyl 
conformal curvature tensors of (S 1 x Af, g^r) vanish. 

□ 

Proposition 4.1.4. The Fefferman-Lorentz metric g° is a conformally 
flat Lorentz metric on S 1 x S 2n+1 . 

Proof. If we note that gx = u ■ g° as before, the Weyl conformal cur- 
vature tensor satisfies that W(g°) = W(gj^) = on S 1 x Af. Since 
U(n + 1, 1) acts conformally and transitively on S 1 x S 2n+1 , W(g°) = 
on S 2n+1 ^. □ 

4.2. Examples of Fefferman-Lorentz manifolds I. We shall give 
examples of conformally flat Fefferman-Lorentz manifolds which admit 
causal Killing fields. Consider principal ^-bundles as a connection 
bundle over a Kahler manifold W. 

S l^ N 2n+l W 

There exists a 1-form u such that du = ir*Q for which Q = i5 a /3UJ a A 
is the Kahler form on W . As Ker u is isomorphic to TW at each point 
of W. Let J be a complex structure on Ker u obtained from that of W 
by the pullback of 7T*. Then (Ker u, J) is a strictly pseudoconvex CR- 
structure on N. Let £ be a characteristic vector field induced by S 1 . 
Let P: S 1 x N — > N be the projection as before. We have a Lorentz 
metric on S 1 x N: 

(4.2.1) g = o-QP*ou + duj(JP*-,P*-). 

Let du a = u 13 A <fp be the structure equation on W for the Kahler form 
Q. As duj = i5 a /37i*ui a A 7r*w /3 the structure equation for oj becomes 

dn*oo a = n*<J A 7T*tf. 

Let s be the scalar curvature of W. Then the Webster scalar function 
is defined as p = ir*s. By the definition, 

(4.2.2) a =-L. U + iPVVS - ^f. ■ P-J) ■ 
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As £ is characteristic, = 1, and P*£ = £, 7r*(£) = on W. From 
(14.2.21) . we obtain that 

(4.2.3) <r(g) = ; r7 rS. 

1 ; ^ 2(n + l)(n + 2) 

Let c be a positive constant. When W is the complex projective space 

CP n , a complex torus or a complex hyperbolic manifold Hg/T of 

constant holomorphic sectional curvature c, 0, — c respectively, the 

n(n + l)c n(n + l)c 
scalar curvature s = , 0, respectively It follows 

from fl4T23D that 



4(n + 2)' ' 4(n + 2) 
respectively. We obtain that 



nc 



for CP' 1 



(4.2.4) 0(£,O=S 



2(n + 2) 
for T™ 



nc 



for H"/r. 



I 2(n + 2) 

Note that there are principal S^-bundles as a connection bundle: 
S 1 > S 2n+l — CP n , 

(4.2.5) K ► A/" — C\ 

S 1 > V^' 1 Hg. 

Here A* is the Heisenberg Lie group with isometry group Isom(A/") = 
A" x U(n). There is a discrete subgroup A < A" x U(n) whose quo- 
tient has a principal fibration: S 1 — >J\f/A — >T£. Using the complex 
coordinates, V_™' is defined as 

(4.2.6) {(*!, . . . , z n+ i) G C n+1 | \z 1 \ 2 + --- + \z n \ 2 - \z n+1 \ 2 = -1}. 

Moreover, the complement S 2n+l — S 2n ~ 1 is identified with V_i' . Then 
the group U(n, 1) acts transitively on V^™' 1 whose stabilizer at a point 
is isomorphic to U(n). Moreover, there exists a discrete cocompact 
subgroup T of U(n, 1) such that the image 7r(r) is a torsionfree discrete 
cocompact subgroup of U(n, 1) = Isom(Hg). 

Note that if the first summand S 1 of S 1 x N generates a vector field 

S, then a(S) = —^—dt{S) = 1 and P*u(S) = u(P*S) = 0. Then 
n + 2 

g(S,S) = 0, i.e. S 1 is lightlike. 
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Proposition 4.2.1. Let X be one of the compact conformally flat 
Fefferman-Lorentz manifolds S 1 x S' 2n+1 J S 1 x J\f/A or S 1 x V_i' JY. 
Then X admits a lightlike Killing vector field S and a timelike (resp. 
lightlike, spacelike) Killing vector field C, . 

5. Uniformization 

5.1. Uniformization of Fefferman-Lorentz parabolic manifolds. 

We prove the following uniformization concerning Fefferman-Lorentz 
parabolic manifolds. 

Proposition 5.1.1. Let M be a (2n+2) -dimensional Fefferman-Lorentz 
parabolic manifold (i.e. admits a Gq- structure.) If M is conformally 
flat, then M is uniformizable with respect to (U(n + 1, 1), S 2n+1,1 ). 

Proof. Suppose that M is a conformally flat Lorentz (2n + 2) -manifold. 
By the definition, there exists a collection of charts {U a , <p a }aeA- Let 
ip a : U a ->S 2n+1 '\ ipp : Up-^S 2 ^ 1 ' 1 be charts with U a n Up ^ 0. The 
coordinate change ip a o tp^ 1 : tpp(U a fl Up)—t(p a (U a D Up) extends to a 
transformation g a p G PO(2n + 2, 2) of S ,2n+1 ' 1 . 

By the existence of Gc _s t ruc ture, we have the principal frame bundle: 
G C ->P — >M where G ■ < 0(2n + 1, 1) x R+. This bundle restricted 
to each neighborhood [7 a gives the trivial principal bundle on each 
neighborhood of S 2n+1,1 : 

G C ^<fi a *(P\U a ) ><Pa{U a ). 

There is the commutative diagram: 

G ■ > Gc 



(5.1.1) ¥p*{ p \u p ) fa*(P\u a ) 



<pp(u a nu a ) tp a (u a nu a ). 

Since the subgroup U(n + 1, 1) acts transitively on S' 2n+1 ' 1 , we choose 
an element h G U(n + 1, 1) for which g = h ■ g a p G PO(2rt + 2,2) 
satisfies that gx = x for some point x G S 2n+1,1 . Then the differential 
map g* : T x S 2n+1 ' 1 ^T x S 2n+1 ' 1 satisfies that G G c . 

Suppose that H is a subgroup of PO(2n + 2, 2) containing U(n + 1, 1) 
which preserves the Gc- S t ruc t ure - As above, note that g G H x . If 
r : H x ^-Aut(T x S 2n+1,1 ) is the tangential representation, then it follows 
that 

t(H x ) <G c = K 2n x (U(n) x R + ). 



2:5 

Since r is injective for any connected compact subgroup of H x , this 
implies that a maximal compact subgroup K' of H x is isomorphic to 
U(n). Let K be a maximal compact subgroup of if containing K' . By 
the Iwasawa-Levi decomposition, 

K/K' = ^ 2n+1 ' 1 = S 1 x S 2n+1 /Z 2 , 

X must be isomorphic to U(n + 1) • U(l). 

On the other hand, U(n + 1) • U(l) < (0(2n + 2) • 0(2)) is the maximal 
compact unitary subgroup of U(n + 1, 1). As U(n + 1,1) < H, we 
obtain that U(n + 1, 1) — H. In particular, g = h ■ g a/ 3 G H x < 
U(n + 1, 1). It follows that g a p G U(n + 1, 1). Therefore the maximal 
collection of charts {U ai f a } a eA gives a uniformization with respect to 
(U^+M),^ 1 ' 1 ). □ 

Remark 5.1.1. If do is the infinity point of S 2n+1,1 (which maps to 
the point at infinity {oo} of S 2n+1 ) (cf. ( 16. ip o/ Section \6.1.1\) . then it 
is noted that the stabilizer (up to conjugacy) is 

P0(2n + 2, 2)oo = K 2n+2 x (0(2n + 1, 1) x M + ). 

iVoie that the intersection U(n + 1, 1) fl P0(2n + 2, 2)ob 

U(n + 1, l)ob = A/" x (U(n) x R + ). 

In fact, 0(2n+l, 1) contains the similarity subgroup IR 2ri x (0(2n) xM + ) 
so that 

M x U(n) C (M 2n+2 x M 2n ) x 0(2n). 

The conformally flat Lorentz geometry (P0(2n + 2, 2), S 2n+1,1 ) re- 
stricts a subgeometry (U(n + 1, 1), S ,2n+1,1 ). It is noted that the full 
subgroup of P0(2n + 2,2) preserving the G-structure on S 2n+1,1 i s 
U(n + 1,1). 

Definition 5.1.1. The pair (U(n+ 1, 1), S 2n+1,1 ) is said to be confor- 
mally flat Fefferman-Lorentz parabolic geometry. A smooth (2n + 2)- 
dimensional manifold M is a conformally flat Fefferman-Lorentz par- 
abolic manifold if M is locally modelled on S 2n+1,1 with local changes 
lying in U(n + 1, 1)~. 

Here U(n + 1, 1)~ is a lift of U(n + 1, 1) to P0(2n + 1, 2)~ which has 
the central group extension: 

l^Z^U(n + 1, 1)~ % U(n + 1, 1)-»1. 

We close this section by showing the following examples of compact 
conformally flat Lorentz parabolic manifolds. 



24 



• Lorentz flat space forms which admit Lorentz parabolic struc- 
ture but not Fefferman-Lorentz parabolic structure. 

• Conformally flat Fefferman-Lorentz parabolic manifold which 
do not admit Fefferman-Lorentz structure. 

• Conformally flat Fefferman-Lorentz manifolds S* 1 x A/" 3 / A on 
which S 1 acts as lightlike isometries. (This is shown in Section 
[Oand Proposition I4JJ3J) 

5.2. Examples of 4-dimensional Lorentz flat parabolic mani- 
folds II. Let A/" 3 = lxCbe the 3-dimensional Heisenberg group with 
group law: 

(a, z)(b, w) = (a + b — Imzw, z + w). 

Recall that Lorentz flat geometry (E(2, 1),R 3 ) where E(2, 1) = R 3 x 
0(2, 1). Let 0(2, l)oo be the stabilizer at the point at infinity in S 1 = 
<9H|. It is isomorphic to Sim(M 1 ) = R x (0(1) x R+) as in ( T3X2|) . Put 
z = x + it, x, t G E. We define a continuous homomorphism: 



p : A/" 3 — >R 3 x 0(2, 1) 



(5.2.1) 




It is easy to see that p is a simply transitive representation of J\f 3 onto 
the Lorentz flat space IR 3 . (Compare [IE].) 

Proposition 5.2.1. There is a 4-dimensional compact Lorentz flat 
space form S 1 x A/" 3 / A which admits a Lorentz parabolic structure but 
not admit Fefferman-Lorentz parabolic structure. 

Proof. Taking R as timelike parallel translations, we extend the repre- 
sentation p naturally to a simply transitive 4-dimensional representa- 
tion: 

p : E x A/" 3 — >R x R 3 xi 0(2, 1)^ c E(3, 1) 
(5.2.2) p(R x A/" 3 ) = R 4 . 

Here note that E(3, 1)R 4 x 0(3, 1) C 0(4, 2)^. If we choose a discrete 
uniform subgroup A C A/" 3 , then a compact aspherical manifold S* 1 x 
A/" 3 / A admits a (complete) flat Lorentz structure such that 

S 1 x A/" 3 /A = R 4 /p(Z x A). 
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We check that S 1 x jV 3 /A cannot admit a Fefferman-Lorentz parabolic 
structure. For this, if so, by Proposition 15.1.11 the group R x A/" 3 is 
conjugate to a subgroup of U(2, 1) up to an element of 0(4, 2). Since 
R x A/" 3 is nilpotent, it belongs to U(2, 1)^ = S 1 ■ A/" 3 x (U(l) x R+) 
up to conjugate. This is impossible because S 1 is lightlike. 

□ 

5.3. Examples of conformally flat Fefferman-Lorentz parabolic 
manifolds III. We shall give compact conformally flat Fefferman- 
Lorentz parabolic manifolds which are not equivalent to the product of 
S* 1 with spherical CR- manifold, i.e. not a Fefferman-Lorentz manifold. 
Consider the commutative diagram. 

Z Z 



(5.3.1) R ► (U(n + l,l)~,5 2n + 1 ' 1 )\(^ 



(Qz,Q) 



(PU(n + l,l),S 2n+1 ) 



-» (U^ + l,!),^ 1 ' 1 )/^ 



We start with a discrete subgroup T C U(n+1, 1) such that S^nT = Z p 

for some integer p. If we let n = Q~^ l (T), then there is the nontrivial 
group extensions: 

1 ► |Z ► 7T > P(T) ► 1 

(5.3.2) n n n 

1 > R > U(n + l,l)~ — ^ PU(n + l,l) > 1 

The group ir defines a cocycle [/] G H 2 (P(T), -Z). Suppose that a 

P 

is an irrational number. Then [a ■ f] G H 2 (P{T),H) which induces a 
group extension: 

l-^-Z-Hr(a) — >P(T)->1. 
V 

Here 7r(a) is viewed as the product — Z x P(T) with group law: 

V 

(-m,a)(-e,P) = (-(m + e) + a-f(a,P),aP) (Va, /3 G P(r)). 
p p p 

(Refer to [23] and references therein for a construction of group actions 
by group extensions.) 

As R is the center of U(n + 1, 1)~, it follows that 

(-m,a) = (-m,l)(l,a) G R • U(n + 1, 1)~ = U(n+l,l)~. 
p p 
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This shows that 

(5.3.3) ?r(a) C U(ra + l,l)~. 

As P(r) is discrete, so is 7r(a) in U(n + 1, Let L(P(r)) be the limit 
set of -P(r) in 5' 2n+1 . Then it is known that P(T) acts properly discon- 
tinuously on the domain ft = S 2n+1 - L(P(T)) (cf. [17], [12]). If ft ^ 0, 

then the quotient ft/P(r) is a spherical CP-orbifold. Since S 1 = R/ — Z 

P 

is compact, it is easy to see that it (a) acts properly discontinuously on 
S 2n+1 ^ -P- x (L(P(r))). Putting 

M(a) = 5 2n+1 - 1 - p- 1 (L(P(r)))/ 7 r(a), 

M(a) is a smooth compact conformally flat Fefferman-Lorentz para- 
bolic manifold which supports a fibration: 

S^M(a) -A ft/P(T). 

On the other hand, as Qz,(ir(a)) = Q%(—Z) ■ T from (I5.3.ip . the closure 

V 

in U(n + 1, 1) becomes 

(5.3.4) QMa)) = S l -T. 

Whenever a is irrational, M(a) cannot descend to a locally smooth 

orbifold modelled on (U(n + 1, 1), S 2n+1,1 ). So M(a) is not equivalent 
to the product manifold. Hence we have 

Proposition 5.3.1. Let a be an irrational number. There exists a 
compact (2n + 2) -dimensional conformally flat Fefferman-Lorentz par- 
abolic manifold M(a) which is a nontrivial S 1 -bundle over a spherical 
C R-manifold. Moreover, M(a) is not equivalent to the product mani- 
fold. 

For example, such ir(a) is obtained as follows. PU(n + 1,1) has 
the subgroup U(n, 1) = P(U(n, 1) x U(l)) which acts transitively on 
S 2n+i _ S 2n-i = y2n,i ^ ) Since the sta bilizer at a point is 

isomorphic to U(n), there exists a U(n, l)-invariant Riemannian metric 
on V_i' . If T is a discrete cocompact subgroup of U(n, 1), then L(T) = 
L(XJ(n, 1)) = S 2 ™ 1 " 1 . Chasing the diagram 

S 1 ► U(ra + l,l) — PU(ra + l,l) 

(5.3.5) U U U 



S 1 > U(n,l)xU(l) > U(n,l), 
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we start with T C U(n, 1) x {1} c U(n, 1) x U(l). Then we get a 
Fefferman Lorentz manifolds M(a) = R x V 2 ™ +1 /ir(a) where S 2n+1 ' 1 — 

Put 7r = 7r(l) for a = 1. In this case, Qz{^) = P The previous 
construction shows that 

Mil) = S 2n+1 ^ - S 2 ^ 1 ' 1 ^ = S 2 ^ 1 ' 1 - s 2n - l ^/v = S 1 x v 2r : +1 /r. 

z 2 

M(l) is a conformally flat Fefferman Lorentz manifold M. Varying a, 
we see that M(a) is nonequivalent with M(l) as a Fefferman-Lorentz 
metric. 



Remark 5.3.1. We have also 0(m + 1) x M + -structure on (m + 2)- 
manifolds as a parabolic structure. Similar to the proof of Proposition 
\5.1.1\ we can show that 

Proposition 5.3.2. Let M be a smooth (m + 2)-manifold with an 
0(m + 1) x M + -structure. If M is conformally flat Lorentz such that 
0(m + 1) < 0(m + 2) (not maximal), then M is uniformized with 
respect to (0(2) x 0(m + 2), S 1 x S m+1 ). In particular, if M is compact, 
then M covers S m+1 ' 1 . 

Let M be a Riemannian manifold of dimension m + 1. Then S 1 x M 
admits a natural Lorentz metric g for which S 1 acts as timelike isome- 
tries. Even if M is conformally flat, S 1 x M need not be a con- 
formally flat Lorentz manifold. For example, S 1 x HI^ +1 . However, 
S 1 x H^ +1 /r is covered by (P(0(1, 1) x 0(m + 1, 1)),R x H^ +1 ) for 
which P(0(1,1) x 0(m + 1,1)) < PO(m + 2,2). So S 1 x H™ +1 /r 
is conformally flat Lorentz but S 1 (or M ) is not a group of timelike 
isometries. 



6. Conformally flat Fefferman-Lorentz parabolic 

geometry 

Recall that ConfpLp(M) is the group of conformal transformations 
preserving the Fefferman-Lorentz parabolic structure (cf. (13.1.21) ). We 
shall consider the representations of one-parameter subgroups H < 
Conf FLP (M). 
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6.1. One-parameter subgroups in U(n+ 1, 1). The following com- 
mutative diagrams are obtained. 

z = z 



3.1.1) R ► (U(n + 1, 1)~ S 2 ^ 1 ' 1 ) (PU(n + l,l),5 2n+1 ) 

(<5z,<5) 

1 - 



-> (U(n+l,l),5 2 ™ +1 ' 1 ) (PU(7i + l,l),S 2n+1 ). 



Here S 2n+1 ' 



(6.1.2) 



x S 2n+1 . 

(U(n + l,l)~,Rx S 2n+1 ) 
{Qi,Q) 



\ (Qz,Q) 



z, 



-)■ (U( Jl + l,l),S 1 x5 2 ''+ 1 ) (Q2 ' PjJ > (UOi+l,!),^ 1 ' 1 ). 



By (14.1.2j) . there is the projection: 

(6.1.3) Pc = P o Pr : y ( D 5 1 x 5 2 « +1 ) 5 2re + 1 - 1 — % S 2 " +1 . 

As usual the following points {oo, 0} are defined on the conformal Rie- 
mannian sphere: 



oo = P c (/i) 



3.1.4) 



= Pc(fn 



+2) 



(0,...,0,l)eS 2 "+\ 

= (o,...,o,-i) e s 2n+1 . 



We put 

6b = P R (/0 G S^ +1 '\ 6 = P K (/n+2) e S^ 1 ' 1 

such that 

P(ob) = oo, P(6) = 0. 
Suppose that if is a one-parameter subgroup {(p t }tm of ConfpLp(M) 
and P = {0t}i GK is its lift to Conf FLP (M) L Let p : H^U(n + 1, 1)~ be 
a homomorphism. For simplicity write p(4>t) — pif) (t G and put 

p = Q z op: #-MJ(n+l,l), 

p = Q 2 o p = Q z o p: H^\](n + 1, 1). 



(6.1.5) 



As P: U(n + 1, 1) — > PU(n + 1, 1) is the projection, it follows from 
(IdXTD . (16X51) that P o Q z = P o Q z = P for which 



(6.1.6) 



P(p(t)) = Pp{t). 



2!) 



Since P o p(H) = P o p(H), we put 



(6.1.7) 



G = Pop(H) < PU(n+l,l). 



We determine the connected closed subgroup G by using the results 
of [H]. First recall that {ei, . . . , e n+ 2} is the standard complex ba- 
sis of C n+2 equipped with the Lorentz Hermitian inner product ( , ) 
(cf. (|4.1.ip); (e;,e y ) = (2 < i,j < n + 2), (e n+2 , e n+2 ) = -1. Set- 
ting fi — ei + e n+2 /v / 2, fn+2 — ei — e n+2 /v^2 as before, the frame 
{fi, &2, ■ ■ ■ , e n +i, fn+2} is the new basis such that 

(fl, fl) — (fn+2, fn+2) = 0, (fi, fn+2) = (fn+2, fl) = 1- 



6.1.1. Case P. G is noncompact. It follows from [HI §3] that P(p(H)) 
itself is closed. We may put 



(6.1.8) 



G = Fo^) = {P^)} (eR . 



Moreover, G belongs to J\f x (U(n) x M + ) = PU (n + 1, 1)^ up to conju- 
gate. (See Remark l5.1.11 ) Moreover, the explicit form of {Pp(t)} can be 
described with respect to the basis {fi, e 2 , • • • , e n +i, f n +2}- (Compare 
[15].) It has the following form 



(6.1.9) 



where A f 



(6.1.10) 



where B t 



Atai 



Jtb! 



P P (t) 



1 ti 
A t 

o i 



e lta ") eT n < U(n) 



Pp(t) 



Atb n 



1 t t 2 /2 + l 

o i t 

B t 

o o l 

i) e < u(n-l). 



(6.1.11) 



where A t 



ita\ 



P P (t) 



e l 
A t 
e-* 



e lia ") 6T"<U(n). 



Let Ct be the matrix accordingly as whether [Ct] is (I6.1.9p . (16.1.101) 
or 06.1. lip . Noting that the center of U(rt + 1, 1) is S 1 = {e [t }, the 
holonomy map p : H— >U(n + 1, 1) has the following form: 
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(6.1.12) M = {%c (1: 

For (16X91) . 06.1. 10p, G has the unique fixed point {oo} in S 2n+1 . As 
Pc( A) = o o (cf. (ELI), p(t)A = A • fx for some A G C*. If p{t) = C t 
for 06.1.121) . then p(t)/i = /i so that p(t)db = ob by ( 16JL2D . Hence 

(6.1.13) p(H) has the fixed point set {S 1 ■ 60} in S 2n+1 >\ 

For 06.1.111) . G has two fixed points {0, 00} in S 2n+1 . If p(t) = C u 
then = e* • /i, p(t)f n+2 = e"' • / n+2 . Since P K (s • u) = P R (?/) for 

Vs el'.we Vo, it follows that p(t)db = 6b and p(t)6 = 6 in 5 2n+1,:L . 
Similarly as above, 

(6.1.14) p(H) has the fixed point set {S 1 ■ 6, S 1 • 00} in S 2n+1 '\ 
6.1.2. Case IT: G is compact. Using (16. 1 .6[) . 

P{p{t)) = {e itai e itak , 1, . . . , 1) e T n+1 

for some nonzero numbers a±, . . . , a^. Put E t = (e** ai , . . . , e Uak , 1, . . . , 1). 
We may assume that the g.c.m of all a, is 1 (up to scale factor of pa- 
rameter t). Then p(t) has one of the following forms: 

f6 115) o(t)-{ EtETU+1 - Sl W ' 

(6.1.15) Pl*J- j Et . ett e T n+i . 5-1 

Proposition 6.1.1. Let (M, g) fee a conformally flat Fefferman-Lorentz 
parabolic manifold which admits a one-parameter subgroup H < ConfpLp(Af ) 
acting without fixed points on M. Suppose that 

(6.1.16) (p, dev) : (H, M)-»(U(n + 1, 1)~ S 2 ^ 1 ' 1 ) 

is the developing pair. If G ^ {1}, then either one of Case A, Case 
B, Case C or Case D holds: 

Case A. The action of p(H) is of type (i) of ( 16. 1 . 121) . 

(1) When C t has the form of either 06.1.91) or 06. 1.101) . 

(6.1.17) Q(dev(M)) c S 2 ^ 1 ' 1 - S 1 ■ do = S 1 x AT, 

where the centralizer C(p(H)) of p(H) in U(n + 1, 1) is 
contained in S 1 x (A/" x U(n)). 

(2) When C t has the form (I6T.11I) . 

(6.1.18) Q(dev(M)) C S 2 ^ 1 ' 1 - S 1 ■ {6, 00} = {S 2n x R+) x S 1 , 

where C(p(H)) is contained in S 1 x (U(n) x M + ). 
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Case B. The action of p{H) is of type (ii) of (16.1.12ft . Then p{H) has 
no fixed point set on S 2n+1,1 . In this case, C(p(H)) is either 
contained in S 1 x (A/" x U(ra)) or S* 1 x (U(n) x IR + ). 

Case C. The action of p(H) is of type (i) of (16.1.151) . 

(6.1.19) g(dev(M)) C S 2n+M - S 1 ■ S 2{n ~ k)+1 

on which the subgroup S 1 x (U(rt — k + 1, l)xU(fc)) acts tran- 
sitively with compact stabilizer. The centralizer of p(H) in 
U(n + 1, 1) zs S 1 x (U(n - fc + 1, l)xT fc ) where p(H) C T k . 
Case D. The action of p(H) is of type (ii) of (16.1.151) . Then p{H) has 
no fixed point set on S 2n+1,1 and its centralizer in U(n + 1,1) is 
S 1 x (U(n - k + 1, l)xT fc ) w;/iere x p(#) C T k . 

Proof. By the hypothesis, H has no fixed point so does H on M. Since 
dev is an immersion, the image dev(M) misses the fixed point set of 
p(H) in S 2n+1 '\ Recall that there is the covering space from (16.1.11) : 

Z-»(U(n + 1, 1)~, 5 2 "+ 1 - 1 ) (U^ + l,!),^ 1 ' 1 ). 

Noting that p(i7) is connected, the image Q(dev(M)) also misses the 
fixed point set of Q z (p(H)) = p (H) of U(w + 1,1) ( cf. (I6X5D ). Then 
(1), (2) of Case A follow from ( 16.1.131) and ( 16. 1.14ft respectively and 
Case B follows easily because the center S 1 of U(n + 1, 1) acts freely 
on S 2n+1 + 

For the case (i) of (I6.1.15p . the fixed point set of P(p(H)) is 

S 2(n-k)+l = {(0, . . . , 0, Z k+h Z n+l ) G S 2n+1 } 

in which the subgroup of PU(n + 1, 1) preserving S 2n+1 — 5 ,2 ( n_fc )+ 1 i s 
P(U(n — k+ 1, 1) x U(/c)). Since Q(dev(M)) misses the fixed point set 
of p(H), Case C follows that 

p{t) = [e ita \ . . . ,e itafc , 1, . . . , 1) e T k < S 1 ■ T n+1 , 

Q(dev(M)) C S 2n+1 ^ - S 1 ■ S 2{n ~ k)+1 . 

For the case (ii) of (16. 1.15ft , it follows that 

p(t) = [e^ ai+1 \ . . . , e i4(afe+1) , e l \ . . . , e u ) G 5 1 • T n+l . 

Similarly as Case B, 

C{p{H)) < S 1 ■ XJ(n - k + 1, l)xT k ) 

where p(H) C S 1 ■ T k which shows Case D. 

□ 
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Denote by IsompLp(A^) the group of isometries preserving the Fefferman- 
Lorentz parabolic structure such that Isoitiflp < ConfpLp(^)- 

Proposition 6.1.2. Let (M, g) be a conformally flat Fefferman-Lorentz 
parabolic manifold admitting a 1 -parameter subgroup H < IsompLp(M). 
If G = {1}, then the following hold. 

(i) The lift H acts properly and freely on M as lightlike isometries. 

(ii) M/H is a simply connected spherical CR-manifold on which 
the quotient group C(H)/H acts as C R-transformations. Here 
C(H) is the centralizer of H in ConfpLp(Af). 

(hi) The conformal developing pair (p, dev) for M induces a CR- 
developing pair: 

(6.1.20) (p, dev) : (C(H)/H, M/H) (PU(n + 1, 1), S 2n+1 ). 



Proof. Suppose that G = {1}. Since G = P o p(H) from (16X61) . (15X71) . 
it follows that p(H) — R < U(n+ 1, 1)~ which is lightlike with respect 
to g° where 

(6.1.21) g° = a P*cu + dtu (J P*-, P*~) 

is the standard Lorentz metric on S 2n+1,1 = Rx g^+i i nc i ucec i f r0 m 
(14.2.11) . In particular, p: H — y Mis an isomorphism. As R acts properly 
on S* 2 ™ 4 " 1,1 = R x S 2n+1 , H acts properly on M. On the other hand, 
there exists a function it such that 

(6.1.22) dev*g° = u-g. 

Let "H be the vector field induced by H on M. As S is the vector 
field induced by R, we have that dev*(H) = S. Since u ■ g(H,H) = 

g°(S,S) = 0, noting the hypothesis that H < Isoflp(^0, H acts as 
lightlike isometries. This shows (i). 
There is the commutative diagram: 



(6.1.23) 



M/H 52n+l_ 



We put 

(6.1.24) P*uj(X) = g(H,X) (VI 6 TM). 

Then w is a well-defined 1-form on M/H by the fact that g(/H, H) = 0. 
Note from (12X21 . (15X61) that 

(6.1.25) a = — — (dt + iPVVS ~ T " P *^° ■ 

n + 2 V 4 / 
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For p(H) = R, it follows that p(h)*a = a (V/j G H). This implies 
that p(h)*g° = g°. Applying dev* to this, h* dev* g° = dev* g° = u ■ g 
by 06. 1.220 . As h* dev* g° = h*(u-g) = h*u ■ g, it follows h*u = u and 
so u factors through a map u: M/H — > IR + such that 

(6.1.26) P*w = u. 

Moreover cr (S) = ^— ^ from (EP^j) and ( jtj. 1.250 . so ( I6.1.21|) implies 
that 

Using (16.1.261) . the equation dev* g° = u ■ g yields that 
P*u ■ P*ou(X) = u ■ g{H, X) = g°(S, dev, X) 

= — ^ P*u;o(dev*X) = -J— dev* P*u Q (X) 
n + 2 n + 2 

= -4- P*dev*u (X), 
n + 2 

hence 

(6.1.27) (fi + 2)M-w = dev*w . 

As dev: M/H — >■ S 12 " - " 1 " 1 is an immersion, dev*: kercu — >■ keroj is an 
isomorphism. Define J on ker w to be 

(6.1.28) dev*(JX) = J dev*(X). 

If we note that Jo is a complex structure on kerwo, J turns out to be a 
complex structure on ker a;. Hence (kerw, J) gives a CR-structure on 
M/H for which dev is a C-R-immersion. 

Let C{H) be the centralizer of # in Conf FLP (M). For s e C(H) with 
s G C(H)/H, there is a positive function w on M such that s*g = v ■ g. 
Noting that H < Isoflp(-^0, we can check that h*v = v (V/i G H), 
i.e. there exists a function v on M/H such that P*u = t>. Then it 
is easy to see that s*u = v ■ u on M/H. Using ( 16.1.280 . it follows 
that i o J = J o s t on ker u. Hence the group C(H)/H preserves the 
CP-structure (ker a;, J) on M/H. This shows (ii). 

As p(H) = R is the center of U(n+l,l)~ p: Conf FLP (M) ->■ U(2n + 
1, 1)~ induces a ho momorphism p: C(H)/H — > PU(n+l, 1). Using the 
above commutative diagram, it follows that 

dev(dx) = p(a)dev(x) (Vd G C(H)/H,x G M/H). 
Hence (iii) is proved. 

□ 
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Remark 6.1.1. A Fefferman-Lorentz manifold M = S 1 x N is obvi- 
ously an example satisfying the hypothesis of Proposition \6.L2. 



7. Coincidence of curvature flatness 

In this section we shall prove the equivalence between conformally 
flatness of Fefferman-Lorentz manifolds and (spherical) flatness of un- 
derlying CP-manifolds. (Compare Theorem 17.4.21 ) 

7.1. Causal vector fields on S 2n+l ^. Let H < Conf FLP (M) be as 
before and p : H — > U(n + 1,1) the representation. Denote by £ 
the vector field on S 1 x S 2n+1 induced by the orbit p(H) ■ z for some 
zeS 1 x S 2n+1 . Recall from fl6XH that 

(7.1.1) Pst(p(t)(X ■ z)) = Q 2 (p(t)) ■ Pr(A ■ z) = p{t) ■ P R (z) 

so we put the vector field £ on 5' 2n+1,1 by 
(7-1.2) (flO.(e.)=6*M- 

Note that P*(£) = Pc*(£z) is a vector field on S 2n+1 by using P c = 
PoP R (cf. (EXE])). Fr o m (ED]), let 

g°(X, Y) = (a Pc*oo )(X, Y) + dcu (J P c *X, P C *Y) 

be the standard Lorentz metric on S 1 xS 2n+1 (X,Y e T(5 1 x S 2n+1 )). 

Using the classification of one-parameter subgroups p(H) = {pit)} < 
U(n + 1,1) of Section l6~il we examine the causality of the vector field 
£ induced by H. 



7.2. Nilpotent group case. (Compare Section I6.1.1[fl6.1.12p .) 

As gj\f = u ■ g° on S 1 x Af, using gjy instead of g°, it suffices to check 

the causality of £. Note that cr/v = dt. 

n + 2 

For the vector field £ restricted to S 1 x Af c S* 1 x S 2n+1 , let P*(£) be 
the vector field on Af which is induced by the one-parameter subgroup 
P{H) < PU(n+l, 1) as above. It is not necessarily a characteristic vec- 
tor field except for the case (i) of ( 16.1. 12ft , but note that u)m(P*(Q) 
on Af. (Compare [33].) In fact, for the cases fl6X9l) . (16. 1.101) . (EXTTj) 
respectively, 
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wjv(-P«(0) = 1 + ( a iN 2 H 1- «fckfc| 2 )- 

wjv(P*(0) = -%i + (b2\z 2 \ 2 + ■■■ + b n \z n \ 2 ). 

. . . . d ^ , d , , d , 

(3) P*(£) = 2t— + 2^((zi - %%)^- + W + a 3 x 3)ty)> 
As above, oaKO = d£(£) = 5 where 5 = 0, 1 according 

TX ~\~ 2 77 ~~ \~ 2 

to the case (i) or (ii) of (16.1.121) respectively. We obtain that 

0aK£,O = -4t^at(P.(0) + da^(JP*(£),P*(0)- 
n + 2 

Moreover, it follows from (I4.1.7P that 



(7.2.1) du N {JP*X, P*Y) = J2( dx j + d Vj)( P * X ^ P * Y )- 

Calculating dujfs(JP*(t;), P*(£)) for the above P*(£) respectively, we see 
that gjj-(£,0 — if and only if 5 = and P*(£) is the characteristic 
vector field for u_\f in (1). As a consequence, we obtain that 

Causality (1). Suppose that G is noncompact. Let £ be a lightlike 
conformal vector field on S 2n+1,1 induced by G. Then £ is a nonzero 

lightlike vector field of g^ on S 1 x A/" if and only if P = R, P*(£) = — 
is the characteristic vector field for uj^. 



7.3. Compact torus case. (cf. Section 16.1.21 (jbM.ISp ). It is possible 
to calculate g° by making use of a"o, however it is difficult to see cu®- 

So we consider a different approach. Let M*— >Vq 5 ,2n+1,1 be the 

projection for which g° is the standard Lorentz metric on S 2n+1,1 with 

2 , . 

g ° = p*g°. If we choose c = - in fl42T3|) . then 
(7.3.1) ^,0 = ~ "4o ° n 52n+1>1 - 
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Recall from ( 14XTT) that 

V = {z = ( Zl ,...,z n+2 )eC n+2 -{0} | (z,z)=0} 

in which (z, w) = Z\W\ + • • ■ + z„+iw n +i — z n +2Wn+2 on C n+2 . For an 
arbitrary point Pr(p) = [p] G 5' 2n+1 ' 1 (cf. ( 14. 1.2ft ). choose a point q G Vb 
such that 

(7.3.2) (p,g) = r (3r GR-{0}). 

Note that (p,p) = (g, g) = 0. From (14.1.21) . we have the decomposition: 
T P R* = Mp-tTpVo = Cp + iRq + W 

(7.3.3) ^ T m S 2n+1 ' 1 = Cp + iRq + W /Rp 

where T^Vb = {f G C n+2 | Re<p,v) = 0} and W = {p,^- The 
decomposition is independent of the choice of q with respect to (p, q) ^ 
0. Note that Re( , ) is the metric on Vq of dimension In + 3. 

2 

Proposition 7.3.1. When c = — , 

n 

g°(P R *X, P^Y) = Re(X, Y) (X, Y G T p V ). 
Proof. For an arbitrary point x G S 2n+1,1 , we can choose 

p = (ai, . . . , a n+ i, — z) (3 z G S* 1 ) 
V " + 2 

such that Pr(p) = [p] = x. Then £ x is induced by the S^-orbit at p: 

1 

Vn + 2' 

Since c(0) = (0, • • • ,0, zi), it follows that Pr*(c(0)) = £ x . 

+ 2 

Similarly, iS x is induced by the S^-orbit at p: 

s{6) = (ai • e ie , . . . , a n+1 • e i9 , z • e w ) G V - 

V« + 2 

It follows that s(0) = (aii, . . . , a n+ ii, zi) for which -Pr*(s(0)) = 

Vn + 2 

Then we check that 

Re(c(0),c(0)) 



c(0) = (ai, . . . , a n+ i, 1 z • e ie ) G V Q . 



n + T 
1 



Re(«(0),c(0)> = 

n + 2 

Re(s(0),s(0)) = (p,p) = 0. 
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Thus (17.3. ip or (13. 3. 9ft respectively shows that 

9°(C, = £°(P R *(c(0)), P K *(c(0))) = Re(c(0), 6(0)). 

g°(S, = £°(P R *(s(0)), Pr*(c(0))) = Re(s(0), c(0)>. 

Since it is easy to see that ker uq = P R *(Wo) from (I4.1.3p . we have 
that 

dcu (JP R *X, P R *Y) = \d Zl \ 2 + ■■■ + \dz n+1 \ 2 (X, Y) 
= Re(X,Y) (VX,7G Wq). 

Hence we obtain that 

g°(P R *X, P R *Y) = Re(X, Y) (X, Y G T(V )). 

□ 

Lemma 7.3.1. If the one-parameter group has the form (cf. Case C) 

p{t) = (e ita \...,e itak ,l,...,l) eT n+1 -S\ 
then i is spacelike on S 2n+1 > 1 - S 1 ■ S 2 ( n ~V +1 . 

Proof. Choose an arbitrary point v = (zi, . . . , z k , z k+ i, ■ ■ ■ , z n+ i, Wi) G 
Vo such that 

(7.3.4) \ Zl \ 2 + • • • + \z k \ 2 + \z k+l \ 2 + ■■■ + \z n+1 \ 2 - \ Wl \ 2 = 0. 
Then 

p(t)(zi, . . .,z k ,z k+1 , • • • , Z n+1 ,Wi) 
= {e Mai z u . . . , e ltak z kj z k+1 , . . . , z n+u Wl ). 
It follows that £ v = (iaiZi, . . . , ia k z k , 0, . . . , 0) for which 
(£v,£v) = a\\zi\ 2 ^ h a 2 k \z k \ 2 > 0. 

(£v,£v) = if and only if Z\ — ■ ■ ■ — z k — 0. In this case such a point 
v satisfies that 

P R (v) = P R ((0, . . . , 0, z k+1 , . . . , z n+1 , w t )) 
(7 - 3 - 6) = ^P R ((0, . . . , 0, ^±1, . . . , ^±1, 1)) G s 1 ■ s 2 ^ +1 . 

\Wi\ W\ Wi 

This shows the lemma. (Compare (I6.1.19p .) □ 
Lemma 7.3.2. If the one-parameter group has the form (cf. Case D) 

p(t) = (e ita \. . .,e ita \ 1, . . . , l)e** G T n+1 ■ S\ 
then either one of the following holds. 

(1) When all ai > or all aj < —2 (i — 1, . . . , k), £ is spacelike on 

g2n+l,l _ gl . g2(n-fc)+l 
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(2) When all -2 < a { < 0, | is timelike on S 2 ^ 1 ' 1 - S 1 • ^(n-fc+^+i 
/or some I < k. 

(3) Suppose that there exist a^a^ (1 <i,j < k) with (i) a« > or 
ai < —2, or with (ii) —2 < a,j < 0. Then £ is not causal on 

g2n+l,l _ gl . g2(n-fe)+l 

Proof. For a point u of (17.3.41) . it follows similarly as above: 

£„ = (i(ai + l)zi, . . . , i(a fc + l)z k , iz k+1 , iz n+1 , iwx), 

and so 

(7.3.7) = + l) 2 - 1)N 2 + ■ ■ ■ + ((a* + l) 2 - 1)|^| 2 - 

Then the following possibilities occur: 

(1) If all a, > or all a, < —2, then £„) > and (£„, £„) = if and 
only if ^ = • • • = z k = for which P c (v) G > S 2 («- fe )+ 1 . 

(2) If all —2 < a.j < 0, then (£„, £„) < 0. Suppose that a^ = • • • = a ie = 
—2 for some I. By the assumption that the g.c.m of all aj is 1 (cf. Section 
16.1.21) . note that I < k. Let v = (zi, . . . , z k , z^+i, ■ ■ ■ , z n+ i, Wi) G V 
such that Zi i+1 = ■ ■ ■ = z ik = 0. Then (£„, £„) = if and only if 

P C (V) G 5 2(„-fc^)+l_ 

(3) If there exist a i; aj such that a« > (or a, < —2), or —2 < a, < 
(i.e. (ai + l) 2 — 1 > 0, (aj + l) 2 — 1 < 0), then can be taken to 
be zero, positive or negative. □ 

As a consequence, 

Causality (2). If p(t) = e-' lt -C t or p(t) = e u -C t for (i), (ii) of fl6.1.12j) . 
£ cannot be light like. 

7.4. Curvature equivalence. Suppose that (S 1 , M, [g]) is a (2n + 2)- 
dimensional conformally flat Fefferman-Lorentz parabolic manifold for 
which S 1 < Conf FLP (M) and let 

(7.4.1) (p, dev) : (S\ M)^(XJ(n + 1, 1)~, 5 2n+1 ' 1 ) 

be the developing pair. Here S 1 is the lift of S 1 to the universal covering 
M. It is either S 1 or R. If S 1 induces the vector field £ on M, then we 
note from Definition 12.2.11 that 

As dev(t • x) = pit) dev(x) (£ G S* 1 ), piS 1 ) induces the vector field 
dev* £ on the domain dev(M) C S 2n+1,1 . Let g (respectively g°) be the 



39 



lift of g (respectively the lift of canonical metric g° to S 2n+1,1 ). Since 
dev is a conformal immersion, there is a function u > on M such 
that u(x) ■ g x (v,w) = g°(dev*v, dev*w) In particular, 

(7.4.2) ^dev(,)(dev*|, dev.f) = (dev(x) e dev(M)). 

Theorem 7.4.1. Let (M, [g]) be a (2n+2) -dimensional conformally flat 
Fefferman-Lorentz parabolic manifold which admits S 1 < ConfpLp(Af)- 
// the S 1 -action is lightlike and has no fixed points on M , then one of 
the following holds. 

(i) M is a Seifert fiber space over a spherical CR orbifold M/S l . 

(ii) The developing pair (p, dev) reduces to 

(C^M) -> (R x (A/" x U(n)),R x J\f) 

where R x S 2n+1 - R 1 ■ oo = R x M . 

Proof. Suppose that G ^ {1} for H = S 1 . By the hypothesis, there 
are four possibilities Cases A, B,C, D by Proposition 16.1.11 Among 
them, as S 1 is lightlike, Causality (1) and Causality (2) of Section 
17.11 imply Case A (1), which shows (ii). 

When G = {1}, first note that p^ 1 ) = R, the center of U(n+ 1, 1)~. 
As S 1 = R, we have a central extension : 1— ?-Z— >-R — yS 1 — >1. Let 
Z{ir) be the center of 7r = tti(M). Since S* 1 belongs to the centralizer 
-2'Diff(A/)( 7r )' ^ follows S 1 nn C Z{ji). This shows that Z = S 1 nZ(ir) = 
S 1 H 7r. Then this induces a central extensions: 

1 ► Z >■ 7T y Q y 1 

(7.4.3) n n II 

1 ► R y 7T-R >■ Q y 1. 

As R = acts properly and freely on M, put = M/S 1 . More- 
over, noting that R/Z = S* 1 and ir acts properly discontinuously, the 
group 7r ■ R acts properly on M. As a consequence, Q acts properly 
discontinuously on W with the equivariant fibration: 

(7.4.4) (R,R)^(7r-R,Af) — >(Q 7 W). 

On the other hand, there is the commutative diagram of the holonomy: 

R ► U(n + l,l)~ — ^ PU(n + l,l) 

( 7 - 4 - 5 ) || U U 

p(R) ► p(tt-R) — ^ p(Q). 
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Then the developing pair ( 17.4. ip induces an equivariant developing map 
on the quotient space: 

(p, dev) : (Q, W)-+(PV(n + 1,1), S 2n+1 ), 

where ,S 2n+1 = £ 2n+1 '7R. Since (PU(n + 1,1), S 2n+1 ) is the spherical 
C-R-geometry, W inherits a spherical Ci?-structure on which Q acts as 
CR-transformations. Taking the quotient of (17.4. 4p . S* 1 — »M— s-M/S' 1 is 
a Seifert fiber space over the CR-orbifold M/S 1 = Q\W. □ 

Using Theorem 17.4.11 we can prove the following equivalence. 

Theorem 7.4.2. Let (S 1 x N, g) be a Fefferman-Lorentz manifold for a 
strictly pseudoconvexC R-manif old (N, (un,Jn)) of dimension 2n+l > 
3 in which g = a © P*u^ + cIojn(JnP*—, P* — ) is a Fefferman metric. 
Then (S 1 x N,g) is conformally flat if and only if (N, (un, Jjv)) is 
spherical CR. 

Proof. By Theorem 17.4. H the case (i) or (ii) occurs. If (i) occurs, then 
(Q, W) = (jri(N), N) with S l = M. for which there is a developing map 

(7.4.6) (p, dev) : (Q, iV)->(PU(n + 1,1), ,S 2n+1 ). 

We have to check that the spherical CR-structure (cu, J) induced by 

dev coincides with the original one (ujn, Jn) on N. The contact form 
oj is obtained as 

P*u = g(S,-) 

from (16. 1.241) of Proposition 16.1.21 and the complex structure J is de- 
fined by 

dev* J = Jodev* 

on Ker u from (I6.1.28p . 

Let S be the vector field induced by S 1 on S 1 x N. Since cr(«S) = 

from (I3.3.7p . it follows that g(S, — ) = P*Un(—) and so 

n + 2 n + 2 

(7.4.7) = (n + 2)w. 

If we note that S 11 acts as lightlike isometries of (S 11 x N,g), then it 
satisfies also Proposition 16.1.21 (cf. Remark 16.1+]) . Then from (16.1.27]) . 

(n + 2)u ■ u = dev*u;o, 
which implies that dev* (Ker u) = Ker 

Let dev* g° = u ■ g as before. If P*X, P*Y G Ker oj, then 
g{X, Y) = a Q P*ou N (X, Y) + du N {J N P*X, P,Y) = du N {J N P*X, P*Y) 
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Noting P*u = u, 

(7.4.8) u ■ g(X, Y) = u- du N {J N P*X, P*Y). 

On the other hand, using dev*J = Jodev* with (I6.1.23p . 

dev*g°(X,Y) = g°(dev*X,dev*Y) 

= du (J P :¥ (dev^X), P*(dev*F) 

= du (J dev*P*X, dev^F) 

= duo(dev* JP*X, dev*P,F) 

= dw*du (JP*X,P*Y). 

Noting that [n + 2)u- du = dev*duo on Ker u, it follows by (I7.4.7P that 

dev*g°(X, Y) = [n + 2)u ■ du(JP*X, P*Y) 
^ A '^ = u-du N {JP,X,P,Y). 

Compared (I7.4.8P and ( I7.4.9p . we conclude that 

J = Jn- 

Hence (Ker cj, J) = (Ker un, Jn) so that (N, (cjjv, Jn)) is a spherical 
CP-manifold. 

We have to show that the case (ii) of Theorem 17.4.11 does not occur. 
If (ii) occurs, then we have a developing pair by Proposition 16.1.11 

(7.4.10) (p,dev) : (S\R x N)->(R x (TV x U(n)),R x A/"). 

Here S 1 = 1R. Let S be the vector field induced by M. on M x N as 
before. Put dev* S = S'. Let 

9N = <?N © P*^N + duJM(JP*-, P*-) 

be the Lorentz metric on M. x M which is conformal to the standard 
metric g°. (Compare Section EU) Note that g_\f(S',S') = because S 
is lightlike. In this case, Causality (1) shows that S' is the character- 
istic vector field, i.e. un(P*S') = 1. Moreover, Proposition 16.1.11 with 
Causality (2) implies that the lightlike vector field S' is of type (i) of 

(16.1 .12p . As om = —^—dt (cf. Section OD, it follows that aMS') = 0. 
n + 2 
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As before, there exists a function u > on MxA/* such that dev* g^f = 
u ■ g. Noting that P*S' is characteristic, a calculation shows that 

gx(dev*S, dev*V) = gx{S' ', dev*V) 

= a M Q P*u u {S', dev*V) + dco^JPj', P*dev*V) 

= a A f(dev^V) 

u ■ g(S, V) = u(a P*u N (S, V) + du N (JPj, P*V)) 

= ——. UN (P tt V) (P*S = 0). 
n + 2 

It follows that 

u 

(7.4.11) dev = — — • P*u N . 

n + 2 

It is easy to see that +1 P*{ujn A {du^Y) = dev*(cr A r A {da^) n ) 

on 1 x JV. As da^f = as above, it follows that P*(u N A (du N ) n ) = 
so that ujn A (dcjjv) n = on jV, which contradicts that un is a contact 
form on iV. Therefore the case (ii) of Theorem 17.4.11 cannot occur. This 
proves the necessary condition. 

Suppose that iV is spherical CR. There exists a collection of charts 
{U a , (p a }aeA such that ip a : U a ^-(p a (U a ) C S 2n+1 is a homeomorphism. 
Consider the pullback of the S^-bundle: 

S 1 ► S 1 



(7.4.12) S 1 x U a S 1 x S 2n+1 

Pc 

u a s 2n+1 

in which 

(7.4.13) <p a (t,x) = (t,<p a (x)) 

When U a r\Up ^ 0, the local change y? Q o yj^ 1 extends to an automor- 
phism h G PU(rj + 1,1) of S 2n+1 . Put C/ = n Up) C S 2n+1 . 
Consider the local diffeomorphism: 

(7.4.14) ~h = <p a o<p- 1 : S 1 x f/^S 1 x 5 2n+1 
for which 

(7.4.15) h(t,z) = (t,hz). 
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If we note that U(n+1, 1) acts invariantly on Vq such that S 1 x S 2n+1 C 
Vo, then there exists an element / G U(n + 1, 1) with Pf = h which 
satisfies that 

(7.4.16) h = flS 1 x U. 

By Proposition 14. 1 . 1"1 U(n + 1, 1) acts conformally on S 1 x S 2n+1 with 
respect to g° so it follows that 

h*g = f*g = vg (3v > 0). 

Since h is a local conformal diffeomorphism, h extends to a global 
conformal transformation of S 1 x S 2n+1 by the Liouville's theorem. By 
uniqueness, 

h = f on S 1 x 5 2n+1 . 
As a consequence, the local change <p a o tp^ 1 extends to an automor- 
phism h G U(n + 1,1) of S 2n+1 x S 1 . Therefore the charts {U a x 
S 1 ,<Pa}aeA of N x S 1 gives a uniformization with respect to (U(n + 
1, 1), S 2n+l x S l ). As (U(n + 1, 1), S 2n+1 x 5 1 ) is the lift of (U(n + 
1,1), 5" + ' ), iV x S 1 is a conformally flat Fefferman-Lorentz mani- 
fold. 

□ 



8. Application to Obata & Ferrand's theorem 

8.1. Noncompact conformal group actions. Let C be a closed non- 
compact subgroup of Diff (M). Suppose that C acts analytically on M. 
Contrary to compact group actions, noncompact (analytic) Lie group 
actions on a compact manifold is quite different. For example, there is 
a noncompact analytic action (C, M) such that the set of nonprincipal 
orbits Mq = {x G M \ dimC • x < dimC} coincides with M. (See [28] . 
[21 3.1 Theorem, p. 79] for instance.) We give a sufficient condition that 
Mq is nowhere dense in M for noncompact Lorentz groups C acting 
analytically on a Lorentz manifold (M, g). Let C = S 1 x R which is 
closed in Diff (M). If S* 1 does not act as Lorentz isometries with respect 
to g, then we put 

(8.1.1) g= / h*gdh 

where ds is a right-invariant Haar measure on S 1 . Then S 1 acts as 
Lorentz isometries with respect to g. On the other hand, as S 1 acts 
conformally with respect g , h*g = Xh ■ g for some function > on 

M. Letting r{x) = J \h(x)dh (x G M), it follows that g = r ■ g on 

s 1 

M. We obtain a Lorentz metric g conformal to g. So if C = S 1 x R 
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acts conformally on (M, g), we may assume that S 1 acts as isometries 
within the conformal class of the Lorentz metric g. 

Proposition 8.1.1. If a Lorentz (n + 2) -manifold (M,g) admits a 
closed two dimensional subgroup C isomorphic to S 1 x R where S 1 
consists of lightlike conformal transformations, then 

V = {x G M\dimC-x = 2} 

is a dense open subset of M. 

Proof We suppose that S 1 acts isometries. Let F (respectively F) 
be the fixed point set of R (respectively S 1 ). Note that S 1 leaves F 
invariant. If E is the set of exceptional orbits of S l , then S 1 acts freely 
on the complement Mq = M — (E U F U F). Note that Mo is a dense 
open subset of M. There is a principal bundle over the orbit space 
iV = Mq/5 1 ; 

(8-1.2) S 1 ► M iV . 

Suppose that dimC ■ x — 1 for some open subset U of M (Vx G (7). If 
we set {v^tjteR = M, then it follows that 

C ■ x = {<f t x}ten = S 1 ■ x. 

Let £ x be the vector induced by C ■ x (x G By the hypothesis, £ is 
a lightlike (Killing) vector field on U. For an arbitrary point y G £/, as 
<^2/ E S 1 ■ y, there exists an element G S" 1 such that 

(8.1.3) ¥ > t y = h y t -y. 

This implies that P o tp t = P on Mo. Put z = tpty = h t y where 
we let ht = h v t for brevity. For a vector v y G T v Mq, we have that 
P*(ft*v y = P*v y = P*h t *v y . Since ipt*v y , h u v y eT z M , it follows that 

<Pt*v y = ht*v y + a£ z (3 a G R). 
As £ y is lightlike, we can find a vector r\ y G T^Md such that 

9{Vy,Vy) = 0, g(£y,Vy) = 1- 
As above, there exists an element & G f such that 

Since g{<Pt*Vy,<Pt*Vy) = Mv) ' oiVy^Vy) = and = z, a calculation 
shows that 

= g(h t *r)y + /i t *77j, + 

(8.1.4) = 2bg(h u r] y ,Cz) = 2bg{h u g y , h t *Q 
= 2bg(ri y ,£ y ) = 2b, 

so it follows that <ft*Vy = h t *rj y . 
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Noting that {£, y ,f] y } spans a nondegenerate plane of signature (1,1), 
there exists a vector v y such that g(v y , v y ) = 1, g(£ y , v y ) = g(r) y , v y ) = 0. 
There are n- independent such vectors. The set of those vectors with 
{C y ,Vy} constitutes T y M . As above, let <fit*v y = ht*v y + a£ z . Similarly, 
using <ft*Vy = ht*r) y , the equation g(<fit*T] y , ^Pt*v y ) = shows that a = 0, 
i.e. ift*v y = h t *v y . From these calculations, we obtain that 

(8.1.5) <p u X v = ht,X v , (VX y ET y M ). 

Now, noting h t G S 1 , 



(8.1.6) cp* t g(X y , Y y ) = g{h»X v , h u Y y ) = g(X y , Y y ) (VX„, Y y G T y M ). 

On the other hand, since R acts conformally, there exists a positive 
function A t on M such that (p* t g = A t ■ g for each t, (I8.1.6P implies that 
Xt{y) — 1- This is true for an arbitrary point y e U, so = 1 on ?7. 
In particular, ^ (Vt G R) becomes a Lorentz isometry on [/ (and so is 
on M by analyticity). 

Recall from (18.1.31) that <p t y = h t -y. Since R = {</?t}t 6 R, there exists 
an element a G R such that ip a y = y. (In fact, if a(y) = minit I ip t y = 

y}, we put a = a(y).) Then it follows that y = ip a y = h a y. As S 1 acts 
freely on M , h a = 1. From (I8.1.5p . we have that 

(8.1.7) = X y (\/X y G r y M ). 

Since (f a is a Lorentz isometry, if 7 is any geodesic issuing from y, then 
(fa'y is also a geodesic on U. From (18.1.71) . the uniqueness of geodesic 
implies that ip a ^ = 7 on U. Hence <p a = id on U . By analyticity, 
ip a = id on M. Letting Z = (na) n£ z so that S* 1 = R/Z, C would 
be isomorphic to S 1 x S* 1 . This contradicts our hypothesis that C is 
noncompact. Hence the subset {x G M \ dimC • x = 2} is dense open 
in M. 

□ 

Theorem 8.1.1. Let M = S 1 x N be a compact Fefferman- Lorentz 
manifold and Cconf (M^iS 1 ) the, centralizer of S 1 in Conf(M, g). Sup- 
pose that Cconf(A/,g)('S' 1 ) contains a closed noncompact subgroup of di- 
mension 1 at least. Then M is conformally equivalent to the two-fold 
cover S 1 x S 2n+1 of the standard Lorentz manifold S 2n+1,1 . 

Proof. We can choose a closed subgroup C = S 1 x R from Cc nf(M, 9 )('S' 1 ) 
by the hypothesis. Here recall that the vector field S generated by S 1 
of M = S 1 x N is lig htlike. 
Recall from rflXTl) that 



(8.1.8) 



g = a P*co + dcu(JP*-, P*-) 
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is a Lorentz metric on a Fefferman-Lorentz manifold M = S 1 x N where 
P : S 1 x iV — > N is the projection. Then C induces an action of M on 
the quotient N such that P is equivariant: 

(8.1.9) P : (C,M)->(R,N). 

If {(pt}tm is a 1-parameter group of M of C, then there exists a 1- 
parameter group of {<Pt}teR such that 

P o <p f = <p t o P. 

Since M acts as conformal transformations with respect to g, there 
exists a function At : M— >M> + such that 

(8.1.10) tig = Xfg. 

If h <E S 1 , since h*(p^g = ^* t h*g = tp* t g and h*(p^g = h*(\ t ■ g) = h*X t ■ g, 
it follows that h*X t = \t (V/i 6 S 1 ). So At factors through a function 
At : N^R+ (ViGl). We note also that ip t *S = S and P*S = 0. Then 

<p* t g(X,S) = -L-ufaipJC) = -^-:P*<P * uj(X) 

(8.1.11) n + 2 n + 2 

= A t -^(X,5) = — P*At.PM^)- 

it follows that 

(8.1.12) 0*u = XfU) (v* 
This implies that 

(8.1.13) (^>t*Kero; = Kercu. 

Recall that there is a complex structure J on Kerw. For convenience, 
we put J on P*Kercu formally such that P* : P*Ker u— >Ker u is almost 
complex, i.e. P* o J = J o P^. 
Let I,y G P*Kerw. Calculate 

y^M-^^) = g(-<pt*x,(p t *Y) 

= du(JP*{-<Pt*X),P*(<Pt*Y)) bydHXHl) 
(8 ' L14) =dL>{-J<Pt*P*X,<p u P*Y) 

= du((p t *P*X, J(p t *P*Y)- 
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Noting that X t ■ du = (p* t duj on Kerw, calculate 
ip*g(-X,Y) = \ t -g(-X,Y) 
= X t ■ du(JP*(-X), P*Y) = X t ■ du(P*X, JP*Y) 

= X t ■ du{P*X, P*{J)Y) = P*(X t ■ du)(X, JY) 

(8.1.15) A _ 

= X t ■ dcu(P*X, P.(JY)) = X t ■ duj(P*X, JP*Y) 

= fidu(PJC, JP*Y) 
= dcj(0* t P*X, &JP*Y). 
As did is nondegenerate on Kera;, we conclude that 

(8.1.16) (p t *J = J0t* on Kerw. 

Let Aut cr(N) be the group of CR-transformations of (cu, J) on N. By 
the definition, {<pt}teR C Autcii(N). Note that {0 t }tm is closed by 
the hypothesis. Moreover, the action of {<pt}teR is nontrivial on N by 
Proposition 18.1.11 Hence, {<ft}tm is a closed noncompact subgroup in 
Autcn(N). It follows from the CR-analogue of Obata-Ferrand rigidity 
(for example [H>], [3D], PS], [22], [29]) that N is OR-isomorphic to 
the standard sphere S' 2n+1 . Then (S 1 x N, g) is conformally flat by 
Theorem 17X21 Let C be a lift of C to M. By Proposition I57TTT1 we 
have the developing pair: 

(8.1.17) (p, dev) : (C, M)— >(U(n + 1, 1)~ S 2 "* 1 ' 1 ). 

Recall that R is the center of U(n + 1, 1)~ which is the kernel of pro- 
jection P: U(n + 1, 1)~ — > PU(n + 1, 1) and 1Z is the center of the 
Heisenberg group Af in PU(n + 1,1) (cf. (I6.1.ip ). Let S 1 be a lift of 
lightlike one-parameter subgroup to C. We show that 



(8.1.18) p-.S 1 — >R 

is isomorphic. For this, put G = P o ^(S 1 ) C PU(ri+ 1,1) as in (I6.1.7p . 
Causality (1) and (2) in Section [7] yield that 



K if G ^ {1}, 
R if G = {1}. 



If G 7^ {1}, then by (ii) of Theorem 17.4.11 the developing pair reduces 
to 

(p, dev) : (CiS 1 ), M) ->■ (R x (jV x U(n)),R x Af) 

where Rx5 2n+1 -R 1 -oo =lx Af . Since C C C^S 1 ) and Rx (AfxU(n)) 
is transitive on R x A/" with compact stabilizer U(n), M admits a 7r ■ C- 
invariant Riemannian metric g. Taking the quotient, it follows that 
C < Isom(M, g). As M is compact, Isom(M) is compact. Since C is a 
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closed noncompact subgroup (in Diff(M)) by our hypothesis, this case 
cannot occur. 

Then G = {1} and so pi^S 1 ) = R. It follows from (i) of Theorem 
I7.4.1l that M is a Seifert fiber space over a spherical CR orbifold M/S 1 . 
In our case, M/S 1 = M/S 1 = N which is simply connected. We obtain 
the following commutative diagram: 



(8.1.19) 



S 1 



M 



N 



dev 



dev 



R 



> R x S 2n+1 



g2n+l 



Moreover, the Ci?-structure (u, J) on N coincides with the pullback of 
the standard CR-structure (ojq, Jo) of S 2n+1 . In fact, we have shown in 
the proof of Theorem 17.4.21 that 



(8.1.20) 



u ■ u — dev*oj , 
dev* J = Jodev* on Ker u 



As (N, (w, J)) is C-R-isomorphic to S 2n+1 as above, there exists an 
element h E PU(n + 1,1) such that h o dev : N->S 2n+1 is a CR- 
diffeomorphism. (As a consequence, dev itself is a Ci?-diffeomorphism.) 
By the diagram (I8.1.19p . dev : M— s-R x S 2n+1 is a conformal diffeo- 
morphism. Taking a quotient, dev induces a conformal diffeomorphism 
dev : M^S 1 x S 2 " +1 . 

□ 

Remark 8.1.1. Let SL(2,R)/T be a Lorentz space form of negative 
constant curvature where F < 0(2,2)° = SL(2, R) ■ SL(2,R) is a sub- 
group acting properly dis continuously onSL(2,R) (cf. [20]). If we choose 

T < SO(2) x SL(2,R), 



then SL(2,R)/r is a spherical C R-space form because there is a canon- 
ical identification: 



SO(2) x SL(2,: 
SL(2,R) = S 3 



U(l,l)<U(l)xU(l,l)<U(2,l), 



S\ 
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(1) Thus M = S 1 x SL(2, R)/r is a conformally flat Fefferman- 
Lorentz A-manifold on which S l acts as lightlike isometrics by the def- 
inition. 

(2) Recall that (P0(4, 2), S 3 ' 1 ) is the conformally flat Lorentz geom- 
etry. Let (0(4, 2), S 1 x S 3 ) be the two fold covering. The subgroup of 
0(4,2) preserving S l x (S 3 — S 1 ) = S 1 x SL(2,M) is isomorphic to 
0(2) x 0(2,2). When we restrict T to {1} x SL(2,R), we obtain a 
conformally flat Lorentz parabolic manifold M = S l x SL(2,M)/T on 
which S 1 = SO (2) acts as spacelike isometrics. The subgroup 

S0(2) x (SL(2,R) x {1}) 

o/0(2) x 0(2,2) acts conformally on M. Let SL(2,R) = KAN be the 
decomposition as usual. In particular, 

(3) M admits the two-dimensional closed noncompact conformal 
group C = S 1 x JV x {1} consisting of spacelike and lightlike trans- 
formations. However, C does not belong to U(2, 1) because 

U(l) = C n U(2, 1) < (0(2) x 0(2, 2)) n U(2, 1) = U(l) x U(l, 1) 

so C does not preserve the Fefferman- Lorentz parabolic structure. 
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